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GLUING METHODS FOR VORTEX DYNAMICS IN EULER
FLOWS
JUAN DAVILA, MANUEL DEL PINO, MONICA MUSSO, AND JUNCHENG WEI
Abstract. A classical problem for the two-dimensional Euler flow for an in-
compressible fluid confined to a smooth domain. is that of finding regular
solutions with highly concentrated vorticities around N moving vortices. The
formal dynamic law for such objects was first derived in the 19th century by
Kirkhoff and Routh. In this paper we devise a gluing approach for the con-
struction of smooth N-vortex solutions. We capture in high precision the core
of each vortex as a scaled finite mass solution of Liouville’s equation plus small,
more regular terms. Gluing methods have been a powerful tool in geometric
constructions by desingularization. We succeed in applying those ideas in this
highly challenging setting.
1. Introduction
We consider the Euler equation for an incompressible fluid confined to a smooth
domain Ω ⊂ R2 given by

ut + (u · ∇)u = ∇p in Ω× (0, T )
u(·, 0) = u0 in Ω
u · ν = 0 on ∂Ω× (0, T )
∇ · u = 0 in Ω× (0, T )
(1.1)
Here u : Ω × [0, T ) → R2 designates the velocity field and p : Ω × [0, T ) → R the
pressure. We assume in what follows that Ω is bounded and simply connected. For
a solution of (1.1) its vorticity is defined as
ω = ∇× u = ∂x2u1 − ∂x1u2.
We have that (1.1) is equivalent to its vorticity-stream formulation

ωt +∇⊥Ψ · ∇ω = 0 in Ω× (0, T )
ω(·, 0) = ω0 in Ω
−∆Ψ = ω in Ω× (0, T )
Ψ = 0 on ∂Ω× (0, T )
(1.2)
For a solution (ω,Ψ) of (1.2), a solution of (1.1) is recovered by means of the Biot-
Savart law u = ∇⊥Ψ, where we denote (a, b)⊥ = (b,−a). The Poisson equation
satisfied by the stream function Ψ reads precisely as ω = ∇× u.
This paper deals with vortex solutions of Problem (1.1). Loosely speaking, a
vortex solution of (1.1) is one for which its velocity field exhibits very fast rotation
around one or more (time-dependent) points of the domain, in other words such
that its vorticity ω(x, t) appears highly concentrated around those points. More
1
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precisely the issue is to consider a family of solutions of (1.2) (ωε,Ψε) dependent
on a small concentration parameter ε such that in distributional sense we have
ωε(x, t) ⇀
N∑
j=1
8πκjδ(x − ξj(t)) as ε→ 0 (1.3)
where δ(x) is the Dirac mass at the origin, ξj(t) ∈ Ω for all t ∈ (0, T ) and κj are
constants. Let G(x, ξ) be the Green function of the problem
−∆G(x, ξ) = 8πδ(x− ξ) in Ω, G(x, ξ) = 0 on ∂Ω
so that we should also have the formal limit
Ψε(x, t) ⇀
N∑
j=1
8πκjG(x, ξj(t)) as ε→ 0. (1.4)
Since
−∆Γ = 8πδ, Γ(x) = 4 log
1
|x|
we see that
G(x, ξ) = Γ(x− ξ)−H(x, ξ) (1.5)
where H(x, ξ) solves
−∆xH(x, ξ) = 0 in Ω, H(x, ξ) = Γ(x− ξ) on ∂Ω.
A singular vortex solution of system (1.2) is precisely one of the form (ωs,Ψs) given
by (1.3)-(1.4). The time evolution of the vortices for such an object obeys a formal
law that can be derived as follows. Letting
ωs(x, t; ξ) =
N∑
j=1
8πκjδ(x− ξj(t)), Ψ
s(x, t, ξ) =
N∑
j=1
κjG(x, ξj(t)) (1.6)
we find
ωst = −
N∑
j=1
8πκj∇δ(x − ξj) · ξ˙j ,
∇⊥Ψs · ∇ωs =
N∑
i,j=1
8π κiκj∇
⊥G(x, ξi) · ∇δ(x− ξj).
Since Γ(x) and δ(x) are “radially symmetric”, then ∇⊥Γ(x− ξj) · ∇δ(x − ξj) = 0.
Since ∇δ(x − ξj) is only supported at x = ξj , we get from (1.5)
∇⊥G(x, ξj) · ∇δ(x− ξj) = −∇
⊥H(ξj , ξj) · ∇δ(x− ξj).
Thus
ωst +∇
⊥Ψs · ∇ωs =
8π
N∑
j=1
[−κj ξ˙j +∇
⊥
x
(
− κ2jH(x, ξj) +
∑
i6=j
κiκjG(x, ξi)
)
] · ∇δ(x− ξj).
So that (ωs.Ψs) is a “solution” of Euler if and only if ξ = (ξ1, . . . , ξj) solves the
ODE system
ξ˙j(t) = ∇
⊥
x (−κjH(x, ξj(t)) +
∑
i6=j
κiG(x, ξi(t)))
∣∣
x=ξj(t)
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Equivalently, if and only if ξ(t) = (ξ1(t), . . . , ξN (t)) solves the Hamiltonian system
κj ξ˙j(t) = ∇
⊥
ξjK(ξ(t)), j = 1, . . . , N, t ∈ [0, T ] (1.7)
where
K(ξ) := −
1
2
N∑
i=1
κ2iH(ξi, ξi) +
1
2
∑
i6=j
κiκjG(ξi, ξj) (1.8)
This is the Kirchoff-Routh function [14]. This dynamic law for the evolution of
vortices traces back to the 19th century being first derived by Kirchoff and Routh
[12, 18]. System (1.7), called the N -vortex problem, encodes interesting phenomena
that have been the object of intensive recent investigation, see [2, 3, 4] and their
references.
It is classical that the initial value problem for (1.1) or (1.2) is well-posed for
smooth initial data, we refer the reader for instance to the book [16] and references
therein. In fact solutions are globally defined and smooth at all times.
A classical problem associated to the above derivation is the desingularized N -
vortex problem, namely the existence of true smooth solutions of Euler’s equation
(1.2) with highly concentrated vorticities around N points ξj(t) which obey a mo-
tion law similar to (1.7).
Marchioro and Pulvirenti [17] provided a first, important result for the desin-
gularized N -vortex problem: Let ξ0(t) = (ξ01(t), . . . , ξ
0
N (t)) ∈ Ω
N be a solution of
system (1.7) with no collisions in [0, T ], namely
inf
t∈[0,T ]
|ξ0i (t)− ξ
0
j (t)| > 0 for all i 6= j.
Then there exists a smooth initial condition ω0ε(x), suitably ε-concentrated around
the points ξ0j (0), such that the unique smooth solution (ωε,Ψε) of (1.2) satisfies the
convergence assertion (1.3)-(1.4) for ξ = ξ0 in the distributional sense.
The proof in [17] (done for simplicity in Ω = R2) gives no clue on the behavior
of the solution near the concentration cores, namely where the delicate behavior is
happening. Getting precise information is not easy because of the nearly singular
character of the solution. Euler’s equation is extremely sensitive to the regularity of
the initial datum. Problem (1.2) (in a suitable weak sense) is well posed for initial
conditions in L∞(Ω) [22]. Existence holds in some adequate measure spaces [9]. See
also [13, 15] for related results. The Hs-setting is mysterious, see [5] and references
therein. Euler’s equation hides oscillatory behaviors that could completely spoil
regularity and/or well-posedness. For instance, it is known that nonuniqueness
may arise in (1.1) for continuous and even Ho¨lder continuous settings. Smooth
solutions of (1.1) are easily seen to preserve energy in the sense that
E(t) =
∫
Ω
|u(·, t)|2 = constant.
This is no longer the case, and continuous solutions with any prescribed energy E(t)
can be found, see [8, 19]. It is physically sound to obtain the asymptotic behavior
of the energy density
eε(t) = |uε(·, t)|
2
for desingularized vortex solutions. That information does not follow from the
rough distributional convergence (1.3)-(1.4) or the method in [17].
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In this paper we revisit the N -vortex desingularization problem providing precise
asymptotics of the desingularized solution (ωε,Ψε) which in particular yield the
following information on the energy density:
1
| log ε|
|uε(x, t)|
2 ⇀
N∑
j=1
8πκ2jδ(x− ξ
0
j (t)), uε = ∇
⊥Ψε. (1.9)
To state our result, we consider the ε-regularization of (ωs,Ψs) in (1.6) given by
Ψ0(x, t; ξ, ε) =
N∑
j=1
κj
[
log
1
(ε2 + |x− ξj(t)|2)2
−H(x, ξj(t))
]
, (1.10)
ω0(x, t; ξ, ε) =
N∑
j=1
κj
8ε2
(ε2 + |x− ξj(t)|2)2
(1.11)
Consistently, we directly check that
−∆Ψ0 = ω0,
∫
R2
8ε2dx
(ε2 + |x− ξj |2)2
= 8π,
hence (ω0,Ψ0) regularize (ω
s,Ψs) in the sense that, as ε→ 0,
ω0(x, t; ξ, ε) ⇀ ω
s(x, t; ξ) =
N∑
j=1
8πκjδ(x − ξi(t)),
Ψ0(x, t; ξ, ε) ⇀ Ψ
s(x, t; ξ) =
N∑
j=1
κjG(x, ξ(t)).
In addition, we see that in agreement with (1.9) we have
1
| log ε|
|∇Ψ0|
2 ⇀
N∑
j=1
8πκ2jδ(x− ξj(t)) as ε→ 0.
In what follows we fix ξ0(t) = (ξ01(t), . . . , ξ
0
N (t)) ∈ Ω
N , a smooth, collisionless
solution of the N -vortex system (1.7) in [0, T ], and consider the functions (Ψ0, ω0)
defined by (1.10)-(1.11) relative to ξ = ξ0.
Our main result states the existence of a solution (ωε,Ψε) of (1.2) of the form

Ψε(x, t) = Ψ0(x, t; ξ0, ε) + ψε(x, t),
ωε(x, t) = ω0(x, t; ξ0, ε) + φε(x, t),
−∆ψε(x, t) = φε(x, t)
in Ω× [0, T ]. (1.12)
where a precise control on the ε-smallness of ψε and φε can be obtained.
Theorem 1. There exists a solution (ωε,Ψε) of system (1.2) of the form (1.12)
such that for any arbitrarily small σ > 0 we have the uniform estimates
|φε(x, t)| ≤ ε
σω0(x, t; ξ
0, ε)
|ψε(x, t)| + ε |∇ψε(x, t)| ≤ C ε
2 .
for all (x, t) ∈ Ω× [0, T ]
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We see that the solution (ωε,Ψε) predicted above satisfies (1.3), (1.4) for ξ = ξ
0
and also (1.9).
The function Ψ0 is a ε-regularization of Green’s function G(x, ξ) where the fun-
damental solution log 1|x−ξ|4 is replaced by log
1
(|x−ξ|2+ε2)2 . There are many other
ways to regularize producing a similar result as that of Theorem 1, but we have
chosen this one since it is convenient for computations. The ultimate reason is that
the function
Γ0(y) := log
8
(1 + |y|2)2
(1.13)
satisfies the classical Liouville equation
−∆Γ0 = e
Γ0 =
8
(1 + |y|2)2
=: U0(y) in R
2. (1.14)
The result of Theorem 1 is connected with phenomena known for desingular-
ized vortex-solutions of stationary Euler equation associated to critical points of
the Kirchoff-Routh energy (1.8). It is well-known that a solution of a semilinear
equation of the form
−∆Ψ = f(Ψ) in Ω, Ψ = 0 on ∂Ω
corresponds to a steady state on (1.2) setting ω = f(Ψ). In particular, it is known,
see [1, 7, 10] that if ξ = (ξ1, . . . , ξN ) is a non-degenerate critical point of the
functional (1.8) for κj = 1 for all j, then the singularly perturbed Liouville equation
−∆Ψε =ε
2eΨε =: ωε in Ω
Ψε =0 on ∂Ω
has a solution with ωε(x) ⇀
∑N
j=1 8πδ(x − ξj). Stationary desingularized vortex
solutions associated to critical points of (1.8) for general κj ’s have been found in
[6, 21]. Gluing methods like those leading to the above mentioned results have led
to striking constructions in geometry and various asymptotically singular elliptic
equations. The general scheme we follow in the current time-dependent setting is
a gluing of a similar kind, however considerably more delicate. As far a we know
this is the first result where precise asymptotics are obtained for a problem of this
kind in Euler flows.
In the next section we explain the scheme of the proof of Theorem 1 which is
carried out in the subsequent sections.
2. Scheme of the construction in Theorem 1
2.1. Construction of an approximate solution. We consider a solution ξ0(t)
of (1.7) as in the statement of Theorem 1 and a function ξ(t) close to ξ0(t) that
we leave as a parameter to be adjusted. For the sake of notation we write in
what follows the functions in (1.10)-(1.11) as Ψ0(x, t; ξ), ω0(x, t; ξ) without making
explicit their dependence on ε. It is convenient to express them in the form
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Ψ0(x, t; ξ) =
N∑
j=1
κj
[
Γ0
(
x− ξj(t)
ε
)
−H(x, ξj(t))− log 8ε
2
]
(2.1)
ω0(x, t; ξ) =
N∑
j=1
κj
ε2
U0
(
x− ξj(t)
ε
)
.
where Γ0 and U0 are defined by (1.13)-(1.14).
We look for a solution of the Euler equation
E(ω,Ψ) := ωt +∇
⊥Ψ · ∇ω = 0 in Ω× (0, T ),
E2(ω,Ψ) := ∆Ψ + ω = 0 in Ω× (0, T ),
Ψ = 0 on ∂Ω× (0, T ),
(2.2)
of the form
ω(x, t) =ω0(x, t; ξ) + ϕ(x, t) (2.3)
Ψ(x, t) =Ψ0(x, t; ξ) + ψ(x, t) (2.4)
Let us compute the error of approximation for (ω0(·; ξ),Ψ0(·; ξ)). We get
E(ω0(·; ξ),Ψ0(·; ξ)) =
ε−3
N∑
j=1
[−κj ξ˙j +∇
⊥
x
(
− κ2jH(x, ξj) +
∑
i6=j
κiκjG(x, ξi)
)
] · ∇yU0
(
x− ξj(t)
ε
)
and therefore, setting yj =
x−ξj(t)
ε ,
E(ω0(·; ξ),Ψ0(·; ξ)) = O(ε
−3)
N∑
j=1
1
1 + |yj|5
so that in particular the error is of size O(ε2) for x away from all the vortices, and
O(ε−3) very close to them. The choice
ξ(t) = ξ0(t) +O(ε) (2.5)
in the C1-sense, substantially reduces the error near the vortices. In fact in that
case we quickly see that
E(ω0(·; ξ),Ψ0(·; ξ)) = O(ε
−2)
N∑
j=1
1
1 + |yj |4
.
The first step in the construction of a solution of the form (2.3)-(2.4) consists of
finding an improvement of the approximation ϕ∗(x, t; ξ), ψ∗(x, t; ξ) in such a way
that
ω∗(·; ξ) := ω0(·; ξ) + ϕ∗(·; ξ), Ψ∗(·; ξ) := Ψ0(·; ξ) + ψ∗(·; ξ), (2.6)
satisfies for an arbitrarily small σ > 0,
E∗(ξ˜) := E(ω∗(·; ξ),Ψ∗(·; ξ)) = O(ε
1−σ)
N∑
j=1
1
1 + |yj|3
.
E2∗(ξ˜) := E2(ω∗(·; ξ),Ψ∗(·; ξ)) = O(ε
4−σ)
(2.7)
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for any ξ of the form (more restrictive than (2.5))
ξ(t) = ξ0(t) + ξ1(t) + ξ˜(t)
where ξ1(t) is a certain explicit O(ε2| log ε|) correction of ξ0(t) and ξ˜(t) = O(ε4−σ)
in the C1-sense. This correction corresponds to a substantial improvement of ap-
proximation, for the error is now O(ε4−σ) away from the vortex locations and
O(ε1−σ) close to them. A good part of the remaining of this paper precisely corre-
sponds to the construction of functions (ω∗,Ψ∗) as in (2.6)-(2.7).
2.2. Construction of a solution. We consider a smooth cut-off function η(s)
with
η(s) =
{
1 for s ≤ 1,
0 for s ≥ 2.
(2.8)
We look for a solution of the Euler equation (2.2) of the form
ω(x, t) =ω∗(x, t; ξ) + ϕ(x, t)
Ψ(x, t) =Ψ∗(x, t; ξ) + ψ(x, t)
where ϕ and ψ are small corrections of the previously found first approximations.
Each remainder is decomposed as the sum of a quantity concentrated near the
vortices, measured in the slow variables yj =
x−ξj
ε of the “bubbles” ω0, and con-
veniently cut-off at a small distance from the vortices, plus a more regular term.
More precisely, we set
ϕ(x, t) =
N∑
j=1
κjε
−2ηj1R φj
(
x− ξj(t)
ε
, t
)
+ φout(x, t) (2.9)
ψ(x, t) =
N∑
j=1
κjη
j
2R ψj
(
x− ξj(t)
ε
, t
)
+ ψout(x, t) (2.10)
where we denote
ηjmR(x, t; ξ) = η
(
|x− ξj(t)|
mRε
)
.
for a large, ε-dependent number R > 0 with Rε≪ 1 that we will later specify. The
inner-outer gluing method consists of finding (ϕ, ψ) of the form (2.9)-(2.10) such
that the functions
φin(y, t) = (φ1(y, t), . . . , φN (y, t)), ψ
in(y, t) = (ψ1(y, t), . . . , ψN(y, t)), (y, t) ∈ R
2 × [0, T ]
ψout(x, t), φout(x, t), ξ(t) = ξ0(t) + ξ1(t) + ξ˜(t), (x, t) ∈ Ω× [0, T ]
satisfy the following system of equations.

Ej(φ
in, ψin, ψout, ξ˜)(y, t) := ε2∂tφj
+ [∇⊥y (Ψ∗ + κjψj + ψ
out)− εξ˙] · ∇yφj + ε
2∇y(κjψj + ψ
out) · ∇ω∗
+ E∗(ξ˜) = 0,
−∆yψj = φj , (y, t) ∈ BR(0)× [0, T ],
(2.11)
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coupled with

Eout1 (φ
in, ψin, ψout, ξ˜)(x, t) :=
∂tφ
out +∇⊥x [Ψ∗ +
N∑
j=1
κjη2R,jψj + ψ
out)] · ∇xφ
out
+ ε−2
N∑
j=1
κjφj
[
∂tη1R,j +∇
⊥
x (Ψ∗ +
N∑
j=1
κjη2R,jψj + ψ
out)) · ∇xη1R,j
]
+ (1−
N∑
j=1
η1R,j)∇x(
N∑
l=1
κlη2R,l ψl + ψ
out) · ∇xω∗
+ (1−
N∑
j=1
η1R,j)E∗(ξ˜) = 0, (x, t) ∈ Ω× [0, T ]
(2.12)
and

Eout2 (ψ
in, φout, ψout, ξ˜)(x, t) := ∆xψ
out + φout
+
N∑
j=1
κj(ψj∆xη2j + 2∇xη2j · ∇ψj) + E2∗(ξ˜) = 0, (x, t) ∈ Ω× [0, T ],
ψout = 0, (x, t) ∈ ∂Ω× [0, T ].
(2.13)
In the above expressions, for a function g(x, t), when no confusion arises, we write
g(y, t) meaning g(ξj(t) + εy, t).
A solution (φin, ψin, φout, ψout) of system (2.11)-(2.12)-(2.13) yields by simple
addition a solution of (2.2). Appropriate smallness of the remainders ϕ and ψ
in (2.9)-(2.10) will indeed be obtained if ξ˜ is in addition suitably adjusted. In
order to obtain the desired solution (with initial conditions equal to zero in all the
parameter functions) we will formulate the system as a fixed point problem for a
compact operator in a ball of a suitable Banach space. We will find a solution
by means of a degree theoretical argument. That involves establishing a priori
estimates for a homotopical deformation of the problem into a linear one.
The rest of this paper is devoted to carrying out in detail the steps outlined
above.
3. Construction of a first approximation
This section will be devoted to the construction of the first approximation
(ω∗,Ψ∗) as a perturbation of (ω0,Ψ0) in the form (1.3). We will do this in the cor-
responding version of System (2.11)-(2.13) where (ω∗,Ψ∗) is replaced by (ω0,Ψ0).
More precisely, we look for an approximate solution of the form
ω∗(x, t; ξ) =ω0(x, t; ξ) +
N∑
j=1
κjε
−2ηj1R φj
(
x− ξj(t)
ε
, t
)
+ φout(x, t) (3.1)
Ψ∗(x, t; ξ) =Ψ0(x, t; ξ) +
N∑
j=1
κjη
j
2R ψj
(
x− ξj(t)
ε
, t
)
+ ψout(x, t) (3.2)
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with a similar notation as in (2.9)-(2.10). In the remaining of this section we let
R =
δ
ε
(3.3)
where δ is a fixed, sufficiently small number. We denote
φin(y, t) = (φ1(y, t), . . . , φN (y, t)), ψ
in(y, t) = (ψ1(y, t), . . . , ψN (y, t)).
Let E(ω,Ψ), E2(ω,Ψ) be the “error” operators defined in (2.2). Then for (ω∗,Ψ∗)
given by (3.1)-(3.2) the following holds:
E(ω∗,Ψ∗) = ε
−4
N∑
j=1
ηj1RE0j(φj , ψj , ψ
out; ξ) + Eout0 (φ
in, ψin, φout, ψout; ξ)
E2(ω∗,Ψ∗) = E
out
20 (ψ
in, φout, ψout, ξ).
(3.4)
Here, for j = 1, . . . , N ,
E0j(ψj , φj , ψ
out; ξ) :=
ε2∂tφj +
[
∇⊥y
(
Ψ0(·; ξ) + κjψj + ψ
out
)
− εξ˙j
]
· ∇y(U0 + φj),
(3.5)
while
Eout0 (φ
in, ψin, φout, ψout, ξ)(x, t) = φoutt + ∇
⊥
x
(
Ψ0(·; ξ) +
N∑
j=1
η2jψj + ψ
out
)
· ∇φout
+ ε−2
N∑
j=1
κj ∂tη1jφj − ε
−2
N∑
j=1
κj(1− η1j)ε
−1ξ˙j · ∇xU0j
+ ε−2
N∑
j=1
κj [φj∇xη1j + (1− η1j)∇xU0j) ]
· ∇⊥
(
Ψ0(·; ξ) +
N∑
j=1
η2jψj + ψ
out
)
in Ω× [0, T ],
(3.6)
where U0j(x, t) = U0
(
x−ξj(t)
ε
)
, and
Eout20 (ψ
in, φout, ψout, ξ) = ∆xψ
out+φout+
N∑
j=1
κj(ψj∆xη2j+2∇xη2j ·∇xψj) (3.7)
and we assume
ψout = −Ψ0 on ∂Ω× [0, T ].
The main result of this section states the existence of an improvement of approxi-
mation of the form (3.1)-(3.2) so that in particular the bounds (2.7) hold.
We will restrict ourselves to parameter functions ξ(t) of the form
ξ(t) = ξ0(t) + ξ1(t) + ξ˜(t) (3.8)
where ξ1(t) is an explicit function with size O(ε2 log ε), and for a fixed, arbitrarily
small σ > 0 we impose
‖ξ˜‖C1[0,T ] := ‖ξ˜‖∞ + ‖
˙˜
ξ‖∞ ≤ ε
4−σ.
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Proposition 3.1. There exists a function ξ1(t) as above such that that for any ξ(t)
as in (3.8) there exist functions φ∗j (y, t; ξ˜), ψ
∗
j (y, t; ξ˜), φ
out∗(x, t; ξ˜), ψout∗(x, t; ξ˜)
such that
(1 + |y|2) |φ∗j (y, t; ξ˜)| + |ψ
∗
j (y, t; ξ˜)| ≤Cε
2, in BR × [0, T ],
|φout∗(x, t; ξ˜)| + |ψout∗(x, t; ξ˜)| ≤Cε2, in Ω× [0, T ]
and the following error bounds hold:
E0j(φ
∗
j , ψ
∗
j , ψ
out∗, ξ)(y, t) =
ε[− ˙˜ξ(t) +∇⊥ξjK(ξ
0(t) + ξ1(t) + ξ˜(t)) −∇⊥ξjK(ξ
0(t) + ξ1(t))] · ∇yU0(y) + E
∗
j (ξ˜)(y, t)
for K given by (1.8), and
∣∣E∗j (ξ˜)(y, t)∣∣ ≤ C1 + |y|3 ε5| log ε|2,∣∣Eout∗ (ξ˜)(x, t)∣∣ + ∣∣Eout2∗ (ξ˜)(x, t)∣∣ ≤ Cε4| log ε|2
and we have denoted
Eout∗ (ξ˜) :=E
out
0 (φ
in∗, ψin∗, φout∗, ψout∗, ξ),
Eout2∗ (ξ˜) := E
out
20 (ψ
in∗, φout∗, ψout∗, ξ).
(3.9)
We observe that for (ω∗,Ψ∗) in (3.1)-(3.2) with the parameter functions consid-
ered above, we have the total errors in (3.4) estimated as
|E(ω∗,Ψ∗)(x, t)| ≤ Cε
1−σ
N∑
j=1
1
1 + |yj |3
, yj =
x− ξj(t)
ε
,
|E2(ω∗,Ψ∗)(x, t)| ≤ Cε
4−σ.
precisely as predicted in (2.7). The construction yields uniform Lipschitz depen-
dence on ξ˜ of this error of the same type as those above. The rest of this section
will be devoted to building this approximate solutions and to proving Proposition
3.1.
3.1. Expression for the errors E0j. We will first find a convenient expression
for the j-inner error (3.5). We write
Ψ0(ξj + εy, t; ξ) = κj log
1
ε4(1 + |y|2)2
− κjH(ξj + εy, ξj)
+
∑
i6=j
κi
(
log
1
(ε2 + |ξj − ξi + εy|2)2
−H(ξj + εy, ξi)
)
= κj
[
Γ0(y)− log(8ε
4) + ϕ˜j(ξj + εy; ξ)
]
where
ϕ˜j(x; ξ) = ϕj(x; ξ) + ε
2θj,ε(x; ξ)
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and
ϕj(x; ξ) =−H(x, ξj) +
∑
i6=j
κ−1j κiG(x, ξi),
θj,ε(x; ξ) =
2
ε2
∑
i6=j
κiκ
−1
j log
|x− ξi|2
ε2 + |x− ξi|2
.
Let us set
Rj(y, t; ξ) = εκ
−1
j ξ˙
⊥
j · y + ϕ˜j(ξj + εy; ξ)− ϕ˜j(ξj ; ξ). (3.10)
For notational simplicity we omit below the subindex j in φj and ψj .
κ−1j E0j(φ, ψ, ψ
out; ξ) = κ−1j ε
2∂tφ+∇
⊥
y
[
Γ0 +Rj + ψ + κ
−1
j ψ
out
]
· ∇y(U0 + φ)
= ∇⊥Γ0 · ∇φ+∇
⊥ψ · ∇U0
+∇⊥Rj · ∇U0 +∇
⊥Rj · ∇φ +∇
⊥ψ · ∇φ+ κ−1j ε
2∂tφ
+ κ−1j ∇
⊥ψout∇(U0 + φ). (3.11)
We find first functions (φ, ψ, ξ) that improve the first error
κ−1j E0j(0, 0, 0; ξ)(y, t) = ∇
⊥
y Rj(y, t) · ∇U0(y). =
O(ε)
1 + |y|5
. (3.12)
As in the statement of the proposition we restrict ourselves to parameter functions
ξ(t) of the form
ξ(t) = ξ0(t) + ξ1(t) + ξ˜(t) (3.13)
where for some fixed numbers M > 0 and σ ∈ (0, 1) that we will fix later, we have
‖ξ1‖C2[0,T ] := ‖ξ
1‖∞ + ‖ξ˙
1‖∞ + ‖ξ¨
1‖∞ ≤ Mε
2| log ε|,
‖ξ˜‖C1[0,T ] := ‖ξ˜‖∞ + ‖
˙˜
ξ‖∞ ≤ ε
4−σ.
(3.14)
The elimination of part of the error (3.12) will be done by solving elliptic equa-
tions that involve the linear operator in the second line of formula (3.11)
L[ψ] := ∇⊥Γ0 · ∇φ+∇
⊥ψ · ∇U0, φ = −∆ψ.
More precisely, for the large number R given by (3.3) we consider the general
equation
L[ψ] + g = 0 in B8R, ψ = 0 on ∂B8R, −∆ψ = φ. (3.15)
For a bounded function g : B8R ⊂ R2 → R. We solve this problem finding estimates
for ψ in terms of prescribed decay on g.
3.2. Solving Equation (3.15). Using that −∆Γ0 = f(Γ0) = U0 where f(u) = eu
and −∆ψ = φ we see that
L[ψ] := ∇⊥Γ0 · ∇φ+∇
⊥ψ · ∇U0
=−∇⊥Γ0 · ∇[∆ψ + f
′(Γ0)ψ].
Let us consider polar coordinates y = ρeiθ in R2. It is then easy to check that
L[ψ] = −
4
ρ2 + 1
∂
∂θ
[∆ψ + f ′(Γ0)ψ]
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Therefore a necessary condition for the solvability of (3.15) is that∫ 2π
0
g(ρeiθ) dθ = 0 for all ρ ∈ (0, 8R). (3.16)
On the other hand we clearly have that
L[Zℓ] = 0, Zℓ(y) = ∂yℓΓ0(y).
In addition to (3.16) we assume the orthogonality conditions∫
BR
(1 + |y|2) g(y)Zℓ(y) dy = 0, ℓ = 1, 2. (3.17)
We consider right hand sides g with a decay rate in |y|. We assume
|g(y)| ≤ (1 + |y|)−α (3.18)
We have the validity of the following result.
Lemma 3.1. Assume that 3 < α ≤ 5 There exists a constant C > 0 such that for
all R sufficiently large and g ∈ L∞(BR) that satisfies conditions (3.16), (3.17) and
(3.18), there exists a unique solution (ψ, φ) of equation (3.15) that satisfies∫ 2π
0
ψ(ρeiθ) dθ = 0 for all ρ ∈ (0, 8R).
and the estimate
|ψ(y)| + (1 + |y|) |∇ψ(y)| + (1 + |y|2) |φ(y)|
≤ C(1 + |y|)4−α
{
log
(
16R
|y|+1
)
if α = 5
1 if 3 < α < 5
(3.19)
Proof. Let us decompose ψ(y), g(y) in Fourier series, using polar coordinates y =
ρeiθ
ψ(ρ, θ) =
∑
k∈Z
pk(ρ)e
ikθ , g(ρ, θ) =
∑
k∈Z
gk(ρ)e
ikθ . (3.20)
Condition (3.16) amounts to g0 ≡ 0. Imposing p0 ≡ 0, equation (3.15) decouples
into the infinitely many problems.
Lk[pk] := ∂
2
ρpk+
1
ρ
∂ρpk−
k2
ρ2
pk+
8pk
(1 + ρ2)2
=
i(1 + ρ2)
4k
gk(ρ), pk(R) = 0. (3.21)
For each k 6= 0, there exists a positive function ζk(ρ) such that Lk[ζk] = 0 and
ζk(ρ) = ρ
|k|(1 + o(1)) as ρ→ 0
For k = ±1 we explicitly have ζk(ρ) =
ρ
1+ρ2 , while for |k| ≥ 2 we have
ζk(ρ) = ρ
|k|(1 + o(1)) as ρ→ +∞.
Problem (3.21) is uniquely solved by the formula
pk(ρ) = L
−1
k [gk] :=
i
4k
ζk(ρ)
∫ 8R
ρ
dr
rζk(r)2
∫ r
0
(1 + s2)gk(s)ζk(s) s ds.
Condition (3.18) corresponds to
|g(ρ, θ)| ≤ (1 + ρ)−α
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with 3 < α ≤ 5. Let us consider the case |k| ≥ 2. We have
|pk(ρ)| ≤ L
−1
k [(1 + ρ)
−α] ≤ ck(1 + ρ)
|k|
∫ 8R
ρ
(1 + r)−|k|+3−αdr
so that
|pk(ρ)| ≤ ck(1 + ρ)
4−α
since α+ |k| > 4. Let us denote P¯ (ρ) = L−12 [(1+ρ)
α] we claim that for some γ > 0
and all |k| ≥ 2 we have the validity of the estimate
|pk(ρ)| ≤
γ
k3
P¯ (ρ).
That follows from the fact that the right hand side defines a positive supersolution
for the real and imaginary parts of (3.21). Indeed, if γ is taken sufficiently large we
get
Lk
[ γ
k3
P¯ (ρ)
]
+
1 + ρ2
4k
|gk(ρ)| ≤ γ
4− k2
10ρ2
(1 + ρ)4+α
Fourier modes ±1 need to be separately treated because ζ1(ρ) decays at infinity.
At this point we observe that
Z1(y) = ζ1(ρ) cos θ, Z2(y) = ζ1(ρ) sin θ
and that the orthogonality conditions (3.17) assumed are equivalent to∫ 8R
0
(1 + ρ2) g±1(ρ)ζ1(ρ) ρ dρ = 0.
Therefore we can write
p±1(ρ) = ∓
i
4
ζ1(ρ)
∫ 8R
ρ
dr
rζ1(r)2
∫ 8R
r
(1 + s2)g±1(s)ζ1(s) s ds.
and we obtain, if we now assume 3 < α ≤ 5,
|p±1(ρ)| .
{
ρ−1 log 16Rρ+1 if α = 5
(1 + ρ)4−α if 3 < α < 5.
The desired result then follows from addition of the above estimates since
|ψ(y)| ≤
∑
k∈Z
|pk(|y|)|.
Finally, since ψ satisfies the equation
∆ψ + f ′(Γ0)ψ = −
1
4
(1 + ρ2)
∫ θ
0
g(ρ, θ) dθ, in B8R, ψ = 0 on ∂B8R,
the bounds for φ and ∇ψ follow from standard elliptic estimates.

Remark 3.1. We observe that if 2 ≤ α ≤ 3 and |k| ≥ 2 the estimate for pk given
by (3.21) yields
|pk(ρ)| ≤ ck(1 + ρ)
4−α
{
log 16Rρ+1 if α+ |k| = 4
1 if α+ |k| > 4
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Then if g0 = g±1 = 0 and 2 ≤ α ≤ 3 we have that the statement of Lemma 3.1
holds with estimate (3.19) replaced with
|ψ(y)| + (1 + |y|) |∇ψ(y)| + (1 + |y|2) |φ(y)|
≤ C(1 + |y|)4−α
{
log
(
16R
|y|+1
)
if α = 2
1 if α > 2 or α = 2 and g±2 = 0.
3.3. Expansion of ∇⊥Rj. We Taylor expand
ϕ˜j(ξj + εy; ξ) = ϕ˜j(ξj ; ξ) + ε∇xϕj(ξj ; ξ) · y +
4∑
k=2
ε2
k!
D2xϕj(ξj ; ξ)[y]
k
+ ε3Dxθj,ε(ξj ; ξ)[y] +
ε4
2
D2xθ
ε
j (ξj ; ξ)[y]
2 +Q(εy, ξ)
where Q(z, ζ) is a function smooth in its arguments that satisfies
|∇zQ(z, ζ)| ≤ Cε|z|
4.
Hence we find
∇⊥y Rj(y, t; ξ) = κ
−2
j ε
[
− κj ξ˙j +∇
⊥
ξjK(ξ)
]
+ ε3∇⊥x θjε(ξj ; ξ)
+
4∑
k=2
εk
k!
∇⊥y
[
Dkxϕj(ξj ; ξ)[y]
k
]
+
ε4
2
∇⊥y
[
D2xθjε(ξj ; ξ)[y]
2
]
+Q(εy; ξ) (3.22)
where
|Q(z; ζ)| ≤ Cε |z|4 .
We recall that the basic assumption on ξ0 is precisely that −κj ξ˙0j +∇
⊥
ξj
K(ξ0) = 0,
hence the first term in expansion (3.22) is actually of size O(ε3).
3.4. First improvement. We recall that R = 6δε−1. We will eliminate some of
the terms in the first error. We let y = ρeiθ and compute
gk(y, t; ξ) =
1
k!
∇⊥y
[
Dkxϕj(ξj(t); ξ(t))[y]
k
]
· ∇U0(y)
=
1
k!
4U0
1 + ρ2
∂
∂θ
{
Dkxϕj(ξj(t); ξ(t))[y]
k
}
.
We notice that the function qk(y, t) = D
k
xϕj(ξj(t); ξ(t))[y]
k is a harmonic polyno-
mial in y since ϕj(x; ξ) is harmonic in x. Thus
qk(y, t) = ρ
k(αk(t) cos kθ + βk(t) sin kθ)
with α and β C1 functions. As a conclusion, the function gk(y, t) only has compo-
nents in modes k and −k in its Fourier expansion (3.20). We observe also that
|gk(y, t; ξ)| ≤ C(1 + ρ)−α, α = 6− k.
We consider the cases k = 2, 3, 4. By Lemma 3.1 and Remark 3.1 we find that there
exists a unique solution (ψ(k)(y, t; ξ)), φ(k)(y, t; ξ)) to the equation
L[ψ(k)] + g(k)(y, t; ξ) = 0 in B8R, ψ
(k) = 0 on ∂B8R, −∆ψ
(k) = φ(k)
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that satisfies the estimates
|ψ(k)(y, t)| + (1 + |y|) |∇ψ(k)(y, t)| + (1 + |y|2) |φ(k)(y, t)| |
≤ C(1 + |y|)k−2. (3.23)
A similar estimate is of course satisfied for the functions (∂tψ
(k), ∂tφ
(k)). In addition
we consider the solutions (ψ¯
(4)
ℓ , φ¯
(4)
ℓ ), ℓ = 1, 2 of the problems
L[ψ¯
(4)
1 ] + κ
−1
j ∂tφ
(2)(y, t; ξ) = 0 in B8R, ψ¯
(4)
1 = 0 on ∂B8R
and
L[ψ¯
(4)
2 ] +
1
2
∇⊥
[
D2xϕj(ξj ; ξ)[y]
2
]
· ∇φ(2)(y, t; ξ) = 0 in B8R, ψ¯
(4) = 0 on ∂B8R.
(3.24)
By construction, ∂tφ
(2) only carries modes ±2 in its Fourier expansion in y. Besides
|∂tφ(2)(y, t)| ≤ C(1 + |y|)−2, and hence (ψ¯
(4)
1 , φ¯
(4)
1 ) satisfies the estimate
|ψ¯
(4)
1 (y, t)| + (1 + |y|) |∇ψ¯
(4)
1 (y, t)| + (1 + |y|
2) |φ¯
(4)
1 (y, t)|
≤ C(1 + |y|)2 log
16R
1 + |y|
.
To solve (3.24), we claim that
g(y, t; ξ) =
1
2
∇⊥
[
D2xϕj(ξj ; ξ)[y]
2
]
· ∇φ(2)(y, t; ξ)
carries only Fourier modes ±4 (so that g0 ≡ 0). Since |g(y, t)| ≤ C(1 + |y|)−2, that
implies that (3.24) is solved by a function that again satisfies estimates (3.23) with
k = 4. To see the validity of the claim, we recall that
D2xϕj(ξj ; ξ)[y]
2 = ρ2(α(t) cos 2θ + β(t) cos 2θ).
It follows that
ψ(2)(y, t) = p(ρ)(α(t) cos 2θ + β(t) cos 2θ)
where p(ρ) is the unique solution of (3.21) with k = 2 and g2(ρ) = −U0(ρ)ρ2. Hence
φ(2)(y, t) = q(ρ)(α(t) cos 2θ + β(t) cos 2θ)
for a certain smooth function q(ρ). Then we compute
∇⊥
[
D2xϕj(ξj ; ξ)[y]
2
]
· ∇φ(2)(y, t) = ρq′(ρ)(β2 − α2) sin 4θ + q(ρ)αβ cos 4θ,
hence the Fourier expansion of this terms only involves modes ±4 as asserted.
We let
ψ¯1(·; ξ) = ε2ψ(2) + ε3ψ(3) + ε4ψ(4) + ε4ψ¯
(4)
1 + ε
4ψ¯
(4)
2 ,
φ¯1(·; ξ) = ε2φ(2) + ε3φ(3) + ε4φ(4) + ε4φ¯
(4)
1 + ε
4φ¯
(4)
2 .
We compute the new error
κ−1j Ej(φ¯
1, ψ¯1, 0, ξ) = E¯1j + E¯
2
j + E¯
3
j + E¯
4
j , (3.25)
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where the errors E¯lj(y, t; ξ) are given by
E¯1j =
(
κ−2j ε
[
− κj ξ˙j +∇
⊥
ξjK(ξ)
]
+ ε3∇⊥x θjε(ξj ; ξ)
)
· ∇U0,
E¯2j = ε
4∇⊥ψ(2) · ∇φ(2),
E¯3j = ε
5κ−1j ∂tφ
(3)
+∇⊥
[
ϕj(ξj + εy; ξ)− ϕj(ξj ; ξ)− ε∇ϕj(ξj ; ξ) · y
]
· ∇(φ¯− ε2φ(2))
+Q(εy; ξ) · ∇(U0 + φ¯
1) + ε6∂t(φ
(4)
1 + φ
(4)
2 )
+ ε2∇⊥
[
ϕj(ξj + εy; ξ)− ϕj(ξj ; ξ)− ε∇ϕj(ξj ; ξ) · y −
1
2
D2xϕj(ξj ; ξ)[y]
2
]
· ∇φ(2),
E¯4j =
(
κ−2j ε
[
− κj ξ˙j +∇
⊥
ξjK(ξ)
]
+ ε3∇⊥x θjε(ξj ; ξ)
)
· ∇φ¯1
+∇⊥(ψ¯1 − ε2ψ(2)) · ∇φ¯1 +∇⊥ψ¯1 · ∇(φ¯1 − ε2φ(2))
The (directly checked) relevant characteristics of each of the above terms are the
following:
• E¯1j is O(ε
3ρ−5) at Fourier mode ±1.
• E¯2j is O(ε
4ρ−4) at Fourier mode ±4.
• E¯3j is O(ε
5ρ−1).
• E¯4j is O(ε
5ρ−3).
Our next step is the elimination of the term E¯3j . To get this, rather than solving
an elliptic problem we solve the transport equation
{
ε2φt +∇
⊥
y (Γ0(y) +R
0
j (y, t; ξ)) · ∇yφ = E¯
3
j (y, t; ξ), in BR × [0, T ]
φ(y, 0) = 0, in BR
(3.26)
Here R0j(y, t; ξ) is a slight modification of the potential Rj(y, t; ξ) in (3.10). We
recall that we are choosing ξ = ξ0 + ξ1 + ξ˜ as in (3.13). We take
R0j(y, t; ξ) =εκ
−1
j (ξ˙
0
j + ξ˙
1
j )
⊥ · y + ϕ˜j(ξj + εy; ξ)− ϕ˜j(ξj ; ξ)
=Rj(y, t; ξ)− εκ
−1
j
˙˜
ξj
⊥
· y. (3.27)
The reason for this modification is that we will need uniform differentiability in t
of this coefficient.
We consider a smooth cut-off function η(s) as in (2.8), and extend R0j and E
3
j
to entire space by setting
R˜0j(y, t; ξ) = R0j(y, t; ξ)η
( |y|
2R
)
, E˜30j (y, t) = E¯
3
j (y, t; ξ0)η
( |y|
2R
)
.
Note that in E˜30j we have frozen ξ = ξ
0.
We will then have a solution to (3.26) by restricting to BR the solution of the
Cauchy problem{
ε2φt +∇
⊥
y (Γ0(y) + R˜
0
j(y, t; ξ)) · ∇yφ = E˜
3
j (y, t; ξ
0), in R2 × [0, T ]
φ(y, 0) = 0, in R2
(3.28)
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To solve (3.28) we consider a slightly more general equation of that form and state
estimates that will also be used later, whose proofs we postpone to § 4.1.
3.5. The inner transport equation. We consider a transport equation of the
form {
ε2φt +∇
⊥
y (Γ0(y) +R(y, t)) · ∇yφ = E(y, t), in R
2 × [0, T ],
φ(y, 0) = 0, in R2
(3.29)
where R is a perturbation term on which we assume that it is defined in R2 and
R(y, t) = 0 for |y| ≥ 4R, R = 4δε and the estimate
|∇yR(y, t)| ≤ Mε
2(1 + |y|). (3.30)
Here δ > 0 is fixed. It is convenient to let t = ε2τ and represent the equation for
φ = φ(y, τ) as{
φτ +∇
⊥
y (Γ0(y) +R(y, ε
2τ)) · ∇yφ = E(y, ε
2τ), in R2 × [0, ε−2T ],
φ(y, 0) = 0, in R2
(3.31)
We solve (3.29) by the method of characteristics. For definiteness of the charac-
teristics, we also assume that ∇yR(y, t) is log-Lipschitz in y uniformly in t, that
is,
|∇yR(y1, t)−∇yR(y2, t)| ≤ L|y1 − y1|(1 + | log |y1 − y2| |)
and continuous in its two variables, but no uniform estimate on the constant L will
for the moment be assumed (L is allowed to depend on ε).
The characteristic curve y¯(s; τ, y) is by definition the solution y¯(s) of the ODE
system 

dy¯
ds
(s) = ∇⊥y (Γ0 +R)(y¯(s), ε
2s)
y¯(τ) = y.
(3.32)
This system has indeed a unique solution defined on the entire interval [0, ε−2T ],
see for instance [11]. For a locally bounded function E, the unique solution of (3.31)
is then represented by the formula
φ(y, τ) =
∫ τ
0
E(y¯(s; τ, y), ε2s) ds. (3.33)
Lemma 3.2. Let us assume the validity of (3.30). Let 1 ≤ p ≤ +∞ and α ∈ R.
There exists a number C > 0 such that for any function E(y, t) that satisfies
sup
t∈[0,T ]
‖(1 + | · |)−αE(·, t)‖Lp(R2) < +∞
we have that for all sufficiently small ε, the solution of (3.29) satisfies
sup
t∈[0,T ]
‖(1 + | · |)−αφ(·, t)‖Lp(R2) ≤ Cε
−2 sup
t∈[0,T ]
‖(1 + | · |)−αE(·, t)‖Lp(R2).
Gradient estimates. It is natural to think that an estimate for the gradient
of E(y, t) leads to such an estimate for φ(y, t). This will be true under some
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additional assumptions on R(y, t). Let us assume that the function R(y, t) satisfies
the following bounds
|R(y, t)|+ |∂tR(y, t)| ≤ Cε
2(1 + |y|2),
|∇yR(y, t)|+ |∂t∇yR(y, t)| ≤ Cε
2(1 + |y|),
|D2yR(y, t)| ≤ Cε
2. (3.34)
We find a corresponding estimate for the gradient.
Lemma 3.3. Let us assume that R satisfies (3.34). Then there exist numbers
C, δ > 0 such that for all sufficiently small ε and any function E(y, t) that satisfies
for some A,α ∈ R
(1 + |y|)|∇yE(y, t)|+ |E(y, t)|+ |Et(y, t)| ≤ A (1 + |y|)
α,
the solution of (3.29) satisfies
(1 + |y|)|∇yφ(y, t)|+ |φ(y, t)| ≤ Cε
−2A(1 + |y|)α for all y ∈ R2, |y| < δε−1
(3.35)
For the proof see § 4.2.
3.6. Second improvement of the approximation. We let φ¯2(y, t; ξ) be the
solution of Problem (3.28). Thanks to Lemmas 3.2 and 3.3, φ¯2 satisfies
|φ¯2(y, t)|+ (1 + |y|)|∇yφ¯
2(y, t)| ≤ C
ε3
1 + |y|
.
We remark that the hypothesis (3.34) holds since at the functions involved in the
definition (3.27) are smooth and of the correct order in ε.
Let us consider the unique solution ψ¯2(y, t) of
−∆yψ¯
2 = φ¯2 in B4R, ψ¯
2 = 0 on ∂B4R.
By standard elliptic theory, we get the following estimate in ψ¯2.
|ψ¯2(y, t)|+ (1 + |y|)|∇yψ¯
2(y, t)|+ (1 + |y|2)|D2yψ¯
2(y, t)| ≤ Cε3 (1 + |y|) log
16R
1 + |y|
.
Introducing back the subindex j we then let
φ¯j(y, t; ξ) =φ¯
1
j(y, t; ξ) + φ¯
2
j (y, t; ξ),
ψ¯j(y, t; ξ) =ψ¯
1
j (y, t; ξ) + ψ¯
2
j (y, t; ξ).
(3.36)
We compute the associated error
κ−1j E0j(φ¯j , ψ¯j , 0; ξ) = κ
−1
j E0j(φ¯
1
j , ψ¯
1
j , 0; ξ)− E¯
3
j (·; ξ
0) − ε ˙˜ξ · ∇φ¯2j
+∇⊥ψ¯2j · ∇U0 +∇
⊥ψ¯1j · ∇φ¯
2
j
+∇⊥ψ¯2j · ∇φ¯
1
j +∇
⊥ψ¯2j · ∇φ¯
2
j . (3.37)
The terms in the last two rows of the above expansion are all of the orderO(ε5ρ−3 log ε).
Observe also that ε ˙˜ξ · ∇φ¯2 = O(ε6+σρ−2). Therefore from (3.37) we get
κ−1j E0j(φ¯j , ψ¯j , 0; ξ) = κ
−1
j E0j(φ¯
1
j , ψ¯
1
j , 0; ξ)−E¯
3
j (·; ξ
0)+∇⊥ψ¯2j ·∇U0+O(ε
5ρ−3 log ε).
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Remark 3.2. For a later step in the construction it is useful to point out that the
directional derivative ∂ξφj given by
∂ξφ¯j(y, t, ξ)[ζ] :=
d
ds
φ¯j(y, t, ξ + sζ)
∣∣
s=0
has uniform bounds. Indeed, we recall that φ¯j = φ¯
1
j + φ¯
2
j . From the definition of
φ¯1j we clearly have
∣∣∂ξφ¯1j (y, t, ξ)[ζ]∣∣ ≤ C ε21 + |y|2 ‖ζ‖C1[0,T ],
while Φ(y, t) = ∂ξφ¯
2
j(y, t, ξ)[ζ] solves the transport equation{
ε2Φt +∇
⊥
y (Γ0(y) + R˜
0
j(y, t; ξ)) · ∇yΦ+ E(y, t) = 0, in R
2 × [0, T ]
φ(y, 0) = 0, in R2
where
E(y, t) = ∇⊥y (∂ξR˜
0
j (y, t; ξ)[ζ]) · ∇yφ¯
1
j(y, t; ξ) = O(ε
5ρ−1) ‖ζ‖C1[0,T ].
Using Lemma 3.2 we find that
∂ξφ¯
2
j(y, t, ξ)[ζ] = Φ(y, t) = O(ε
3ρ−1) ‖ζ‖C1[0,T ].
As a result we get
∣∣∂ξφ¯j(y, t; ξ)[ζ]∣∣ ≤ C ε2
1 + |y|2
‖ζ‖C1[0,T ]
The previous estimates and the definition of ψ¯1j lead to∣∣∂ξψ¯1j (y, t; ξ)[ζ]∣∣+ (1 + |y|)∣∣∇y∂ξψ¯1j (y, t; ξ)[ζ]∣∣+ (1 + |y|2)∣∣D2y∂ξψ¯1j (y, t; ξ)[ζ]∣∣
≤ Cε2
(
‖ζ‖∞ + ‖ζ˙‖∞
)
.
Similarly, for ψ¯2, we get∣∣∂ξψ¯2j (y, t; ξ)[ζ]∣∣+ (1 + |y|)∣∣∇y∂ξψ¯2j (y, t; ξ)[ζ]∣∣+ (1 + |y|2)∣∣D2y∂ξψ¯2j (y, t; ξ)[ζ]∣∣
≤ Cε3 (1 + |y|) log
16R
1 + |y|
(
‖ζ‖∞ + ‖ζ˙‖∞
)
.
Therefore, for ψ¯j = ψ¯
1
j + ψ¯
2
j , we get∣∣∂ξψ¯j(y, t; ξ)[ζ]∣∣ + (1 + |y|)∣∣∇y∂ξψ¯j(y, t; ξ)[ζ]∣∣ + (1 + |y|2)∣∣D2y∂ξψ¯j(y, t; ξ)[ζ]∣∣
≤ Cε2 log
16R
1 + |y|
(
‖ζ‖∞ + ‖ζ˙‖∞
)
. (3.38)
Next we shall improve the approximation error in the outer problem, considering
the values (3.36) for the functions φj , ψj .
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3.7. The outer approximation. We will improve the outer errors
E0(x, t; ξ) := E
out
0 (φ¯
in, ψ¯in, 0, 0, ξ)
= ε−2
N∑
j=1
κj ∂tη1j φ¯j − ε
−2
N∑
j=1
κj(1 − η1j)ε
−1ξ˙j · ∇xU0j
+ ε−2
N∑
j=1
κj [φ¯j∇xη1j + (1− η1j)∇xU0j) ] · ∇
⊥Ψ0,
= O(ε2) ,
E20(x, t; ξ) := E
out
20 (ψ¯
in, 0, 0, ξ)
:=
N∑
j=1
κj
[
ψ¯j∆xη2j + 2∇xη2j · ∇xψ¯j
]
= O(ε2) .
(3.39)
First we consider the solution of the elliptic equation
∆xψ
out
1 (·; ξ) = 0 in Ω× [0, T ], ψ
out
1 = −Ψ0(·, ξ) on ∂Ω× [0, T ]. (3.40)
which we readily see is of size O(ε2) in C2-topology uniformly in t. Let us consider
the transport equation
{
φoutt + ∇
⊥
x (Ψ0 + ψ
out
1 ) · ∇φ
out + E0(x, t; ξ) = 0 in Ω× [0, T ],
φ(·, 0) = 0 in Ω.
(3.41)
We solve (3.41) by considering the transport equation in a slightly more general
setting and state some preliminary results that we will use to conclude the con-
struction and also later.
3.8. The outer transport equation. We consider a transport equation of the
form {
φt +∇
⊥
x (Ψ0(·; ξ) +Q) · ∇φ =E(x, t) in Ω× [0, T ],
φ(x, 0) = 0, in Ω
(3.42)
We assume that the function ∇xQ(x, t) is continuous and log-Lipschitz in x uni-
formly in t, and that E ∈ L∞(Ω× [0, T ]). In addition, we assume that
Ψ0(x; ξ(t)) +Q(x, t) = 0 for all (x, t) ∈ ∂Ω× [0, T ]. (3.43)
Again we can represent the solution of (3.42) by means of Duhamel’s principle
φ(x, t) =
∫ t
0
E(x¯(s; t, x), s) ds (3.44)
where the characteristics x¯(s) = x¯(s; t, x) correspond to the solution of

dx¯
ds
(s) = ∇⊥x (Ψ0 +Q)(x¯(s), s), s ∈ [0, t],
x¯(t) = x,
which exist and are unique
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Lemma 3.4. Under the above assumptions we have that for x ∈ Ω the character-
istics satisfy x¯(s; t, x) ∈ Ω for all 0 ≤ s ≤ t. The solution of (3.42) given by (3.44)
satisfies for any 1 ≤ p ≤ +∞,
‖φ(·, t)‖Lp(Ω) ≤ t sup
0≤s≤t
‖E(·, s)‖Lp(Ω).
The context that we need to consider in the outer problem (3.42) is that of a
right hand side E that its supported away from the vortices ξj(t). Let us assume
that for some fixed number δ we have
E ≡ 0 in
{
(x, t) ∈ Ω× [0, T ] / x ∈
N⋃
j=1
Bδ(ξ
0
j (t))
}
. (3.45)
We make the following assumption on the perturbation term Q. For a constant
M > 0 we have
|∇Q(x, t)| ≤ M
N∑
j=1
(|x− ξj(t)|+ ε) for all (x, t) ∈ Ω× [0, T ]. (3.46)
Lemma 3.5. Assume that (3.46) holds. Then there exists a number β > 0 inde-
pendent of δ and ε such that if E satisfies (3.45) then the solution of (3.42) satisfies
φ ≡ 0 in
{
(x, t) ∈ Ω× [0, T ] / x ∈
N⋃
j=1
Bβδ(ξ
0
j (t))
}
.
Next we will get a gradient estimate under some further assumptions. Let us
assume that the function Q satisfies
|D2xQ(x, t)| ≤M for all (x, t) ∈ Ω× [0, T ]. (3.47)
Lemma 3.6. Let us assume that Q(x, t) satisfies (3.46) and (3.47). There exists a
constant C > 0 such that for any E satisfying (3.45) and
|∇xE(x, t)|+ |E(x, t)| ≤ A for all (x, t) ∈ Ω× [0, T ],
the solution of (3.42) satisfies the estimate
|∇xφ(x, t)| + |φt(x, t)| + |φ(x, t)| ≤ C A. (3.48)
For the proof of Lemmas 3.4, 3.5 and 3.6 see § 4.3.
3.9. Improvement of the outer approximation. Expressed in the variable x,
we have
φ¯j(x, t) = φ¯j (y, t) , y =
x− ξj(t)
ε
.
By construction, we immediately check that
|φ¯j(x, t)|+ |∇xφ¯j(x, t)| = O(ε
4)
in the region where ∇ηj is supported. In fact, we check that, globally
|E0(x, t; ξ)|+ |∇xE0(x, t)| = O(ε
2).
Since the support of E0 is away from the vortex points ξj(t) (see (3.39)), so is the
case for the solution φout1 (x, t) of (3.41) and satisfies
|φout1 (x, t)| + |∇xφ
out
1 (x, t)| = O(ε
2). (3.49)
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These facts follow from Lemmas 3.5 and 3.6 in the next section. Now we solve{
−∆xψ
out
2 = φ
out
1 + E20(x, t; ξ) in Ω× [0, T ],
ψout2 = 0 on ∂Ω× [0, T ].
(3.50)
with E20(x, t; ξ) as in (3.39). By construction both ψ¯j and ∇φj are of size O(ε2),
so are their gradients in x. It follows that ψ¯2 are of class C
2,α in space variable,
with corresponding norm O(ε2). Let us define
φout∗ := φout1 , ψ
out∗ := ψout1 + ψ
out
2 .
Now we observe that
Eout0 (φ¯
in, ψ¯in, φout∗, ψout∗, ξ)
= ε−2
N∑
j=1
κj [φ¯j∇xη1j + (1 − η1j)∇xU0j) ] · ∇
⊥
( N∑
j=1
η2jψ¯j + ψ
out∗
)
+∇⊥x
( N∑
j=1
η2jψ¯j + ψ
out
2
)
· ∇φout1 = O(ε
4),
Eout20 (ψ¯
in, φout∗, ψout∗, ξ) = 0.
and we have therefore obtained an improvement in ε2 for both error sizes.
We will need a bound on ∂ξ∇xψout∗ given by
∂ξ∇xψ
out∗(x, t; ξ)[ζ] =
d
ds
∇xψ
out∗(x, t; ξ + sζ)
∣∣
s=0
.
Recall that ψout∗ = ψout1 +ψ
out
2 . From the definition (2.1) of Ψ0 we readily see that
∂ξΨ0(x, t; ξ)[ζ])(x, t) = O(ε
2|ζ(t)|)
uniformly on t ∈ [0, T ], and in the C3,α-sense on x ∈ ∂Ω. Hence
∂ξ∇xψ
out
1 (·, t; ξ)[ζ](x, t) = O(ε
2|ζ(t)|)
in the C2,α in space, uniformly in t, thanks to equation (3.40).
To estimate ∂ξψ
out
2 (x, t) we let Φ(x, t) := ∂ξφ
out
1 (x, t; ξ)[ζ]. From (3.41), Φ(x, t)
solves the transport equation
Φt +∇
⊥
x (Ψ0 + ψ
out
1 ) · ∇xΦ+ E(x, t) = 0 in Ω× [0, T ],
Φ(·, 0) = 0 in Ω,
where
E(x, t) = ∂ξE0(x, t; ξ)[ζ] +∇
⊥
x ( ∂ξψ
out
1 (x, t; ξ)[ζ] ) · ∇xφ
out
1 (x, t; ξ)
with E0(x, t) given in (3.39). From this formula and (3.49) we get that
E(x, t) = O(ε2‖ζ‖C1[0,T ]).
Using Lemma 3.4 we then get
|Φ(x, t)| ≤ Cε2‖ζ‖C1[0,T ].
Combining this estimate with (3.50) and (3.38), we obtain
|∂ξψ
out
2 (x, t; ξ)[ζ] = O(ε
2)‖ζ‖C1[0,T ],
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in C2 norm in x, in a small fixed neighborhood of the points ξj(t), uniformly in
t. Here we use Lemma 3.5 and equation (3.50), which imply that ψout2 (·, t; ξ) is
harmonic in some fixed neighborhood of the points ξj(t). We conclude that∣∣∂ξ∇xψout∗(x, t; ξ)[ζ] ∣∣ + ∣∣∂ξψout∗(x, t; ξ)[ζ]∣∣ ≤ Cε2‖ζ‖C1[0,T ]., (3.51)
in the C1,α(Ω¯)-sense uniformly in t. Moreover, in the in C2(Ω¯)-sense norm in some
fixed neighborhood of the points ξj(t), uniformly in t.
3.10. Conclusion of the proof of Proposition 3.1. Let us consider the effect
of the function ψout∗ in the inner problems. We compute
κ−1j E0j(φ¯j + φ, ψ¯j + ψ, ψ
out∗; ξ)
= ∇⊥Γ0 · ∇φ+∇
⊥ψ · ∇U0
+ κ−1j E0j(φ¯j , ψ¯j , 0; ξ) + κ
−1
j ∇
⊥ψout∇U0 + κ
−1
j ∇
⊥ψout∗∇φ¯j
+∇⊥(Rj + ψ¯) · ∇φ
+∇⊥ψ¯ · ∇φ+∇⊥ψ · ∇φ¯+∇⊥ψ · ∇φ+ κ−1j ε
2∂tφ
+ κ−1j ∇
⊥ψout∗∇φ.
The largest new error term created is ∇⊥y ψ
out∗∇U0 = O(ε3ρ−5). Next we will
produce ψ, φ that eliminate the cubic and quartic terms in ε in the full error by
solving the corresponding elliptic equation of the form (3.15). We will be able to do
so after a convenient choice of the function ξ1(t) in (3.13), leaving the remainder
ξ˜ as a free parameter. Taking into account expansions (3.25) and (3.37) we collect
those terms and solve the elliptic equation
∇⊥Γ0 · ∇φ+∇
⊥ψ · ∇U0 + g(y, t) = 0 in B4R,
−∆ψ = φ, in BR, ψ = 0 on ∂B4R.
(3.52)
where we choose
g(y, t) = κ−2j ε
[
− κj ξ˙
1
j +∇
⊥
ξjK(ξ
0 + ξ1)−∇⊥ξjK(ξ
0)
]
· ∇U0
+
[
ε3∇⊥x θjε(ξ
0
j ; ξ
0) +∇⊥y (ψ¯
2(y, t; ξ0) + ψout∗(ξ0j (t) + εy, t; ξ
0))
]
· ∇U0(y)
+ ε4∇⊥y ψ
(2)(y, t; ξ0) · ∇yφ
(2)(y, t; ξ0).
We recall that the last term in the above expression only carries Fourier modes ±4
and it is of size O(ε4ρ−4). The other terms do not involve mode zero.
The solvability condition (3.17) needed for g amounts to a system of differential
equations for ξ1 of the form
−κj ξ˙
1
j (t) +∇
⊥
ξjK(ξ
0(t) + ξ1(t))−∇⊥ξjK(ξ
0(t)) = Bj(t), t ∈ [0, T ]. (3.53)
where Bj(t) is a smooth function in [0, T ] (independent of ξ˜) such that
‖B‖C1[0,T ] = O(ε
2 log ε).
We let ξ1(t) be the unique solution of system (3.53) such that ξ1(0) = 0. It is
directly checked that
‖ξ1‖C2[0,T ] ≤ Cε
2| log ε|.
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Using Lemma 3.1, we find a solution (φ¯3j , ψ¯
3
j ) of equation (3.52) which satisfies
|ψ¯3j (y, t)| + (1 + |y|) |∇yψ¯
3
j (y, t)| + (1 + |y|
2) |φ¯3j (y, t)|
≤ C ε3| log ε|2(1 + |y|)−1
At last we define
φ∗j (y, t; ξ) = φ¯j(y, t; ξ) + φ¯
3
j(y, t), ψ
∗
j (y, t; ξ) = ψ¯j(y, t; ξ) + ψ¯
3
j (y, t).
We get
Eout2∗ :=E
out
20 (ψ
in∗, φout∗, ψout∗, ξ)
=
N∑
j=1
κj(ψ¯
3
j∆xη2j + 2∇xη2j · ∇xψ¯
3
j ) = O(ε
4| log ε|2 ).
(3.54)
Similarly we check
Ej(ψ
∗
j , φ
∗
j , ψ
∗out, ξ) =
ε[− ˙˜ξ +∇⊥ξjK(ξ
0 + ξ1 + ξ˜)−∇⊥ξjK(ξ
0 + ξ1)] · ∇U0 + E
∗
j (ξ˜)
where ∣∣E∗j (ξ˜)(y, t)∣∣ ≤ Cε5| log ε|2(1 + |y|)−3.
We also observe that
Eout0 (φ
in∗, ψin∗, φout∗, ψout∗, ξ) = O(ε4| log ε|2 ).
The proof of the proposition is concluded. 
As for Lipschitz estimates for the errors, we directly obtain the following
Corollary 3.1. For the approximation constructed in Proposition 3.1, we have the
error Lipschitz estimates∣∣ ∂ξ˜E0j(ξ˜)[ζ](y, t)∣∣ ≤ Cε5| log ε|2‖ζ‖C1[0,T ](1 + |y|)−3‖ζ‖C1[0,T ],
and ∣∣ ∂ξ˜Eout∗ (ξ˜)[ζ](x, t)∣∣ + ∣∣ ∂ξ˜Eout2∗ (ξ˜)[ζ](x, t)∣∣ ≤ Cε4| log ε|2‖ζ‖C1[0,T ].
Proof. The proof follows by a straightforward verification term by term of the error,
using estimates (3.38) and (3.51). 
4. Proof of the estimates for transport equations
In this section we prove the results stated in § 3.5 and § 3.7.
4.1. The inner transport equation.
Proof of Lemma 3.2. We let y¯(s) = y¯(s; τ, y) be the unique solution of System
(3.32). We readily see that
d
ds
|y¯(s)|2
2
= y¯(s) · (∇⊥y R)(y¯(s), ε
2s) = O(ε2(1 + |y¯(s)|2))
hence
d
ds
log(1 + |y¯(s)|2) = O(ε2).
Therefore
log(1 + |y¯(s)|2) = log(1 + |y|2) +O(ε2(τ − s)) for all s ∈ (0, τ),
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so that for some positive constants a, b independent of τ ∈ (0, ε−2T )
a (1 + |y|2) ≤ 1 + |y¯(s)|2 ≤ b(1 + |y|2) for all s ∈ (0, τ). (4.1)
We recall the representation formula (3.33)
φ(y, τ) =
∫ τ
0
E(y¯(s; τ, y), ε2τ) dτ.
Using (4.1) we readily get
sup
t∈[0,T ]
‖(1 + | · |)−αφ(·, t)‖Lp(R2) ≤ Cε
−2 sup
t∈[0,T ]
‖(1 + | · |)−αE(·, t)‖Lp(R2).
for any 1 ≤ p ≤ +∞, as desired.

A property that will be useful for the analysis of the outer problem is the fact
that if the spacial support of the function E stays at a uniform large distance of
the origin then so does the solution of (3.29).
Lemma 4.1. There exist numbers R0 > 0, β > 0 such that for any sufficiently
small ε, all R > R0 and any locally bounded function E such that
E(y, t) = 0 for all (y, t) ∈ BR(0)× [0, T ]
we have that the solution of (3.29) satisfies
φ(y, t) = 0 for all (y, t) ∈ BβR(0)× [0, T ].
Proof. This is an immediate consequence of Estimates (4.1) for the characteristics
and the representation formula (3.33). 
Remark 4.1. It is relevant to remark that the results of Lemmas 3.2 and 4.1
remain valid if equation (3.29) is not defined in entire R2 but only in a domain
Λ ⊂ R2 × [0, T ] that contains a cylinder of the form Bmε−1(0) × [0, T ], m > 0,
provided that we only considered points (y, t) ∈ Bδε−1(0) × [0, T ] where δ > 0 is
small and fixed independently of ε.
4.2. Gradient estimates for the inner transport equations.
Proof of Lemma 3.3. Formally differentiating Formula (3.33) with respect to yi,
i = 1, 2 we obtain
∂yiφ(y, τ) =
∫ τ
0
∇y¯E(y¯(s; τ, y), ε
2s) · y¯yi(s; τ, y) ds. (4.2)
Hence we need suitable estimates for y¯yi(s) where y¯(s) = y¯(s; τ, y). Below we derive
various estimates that we need to establish (3.35). Let us set
H(y, s) = Γ0(y) +R(y, ε
2s).
From Equation (3.32) we see that
d
ds
H(y¯(s), s) = ε2
∂R
∂t
(y¯(s), ε2s).
Integrating this relation we obtain
Γ0(y¯(s)) +R(y¯(s), ε
2s) = −ε2
∫ τ
s
∂R
∂t
(y¯(ζ), ε2ζ) dζ + Γ0(y) +R(y, ε
2τ)
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that is
2 log(1 + |y¯(s)|2) = 2 log(1 + |y|2) +R(y¯(s), ε2s)−R(y, ε2τ)
− ε2
∫ τ
s
Rt(y¯(ζ), ε
2ζ) dζ. (4.3)
It is convenient write y¯(s) in complex polar form
y¯(s) = ρ(s)eiθ(s),
and also denote alternatively
ρˆ(s) = eiθ(s), θˆ(s) = ieiθ(s) = −ρˆ(s)⊥,
Differentiating (4.3) with respect to the initial condition yi we get
−
4ρρyi
1 + ρ2
+∇R(y¯, ε2s) · (ρˆρyi(s) + ρθˆθyi)(s)
=− ε2
∫ τ
s
∇∂tR(y¯(ζ), ε
2ζ) · (ρˆρyi(ζ) + ρθˆθyi(ζ)) dζ
−
4yi
1 + |y|2
+∇R(y, ε2τ) · ei.
Setting
α(s) := |ρyi(s)|+ ρ(s)|θyi(s)| (4.4)
and using that ρ(s) ∼ |y| we then find
|ρyi |
ρ2
(s) ≤ C
[
ε2α(s) + ε4
∫ τ
s
α(ζ) dζ +
1
|y|2
]
(4.5)
On the other hand, Equation (3.32) is explicitly given by
dy¯
ds
(s) = −4
y¯⊥
1 + |y¯|2
+∇⊥y R(y¯, ε
2s). (4.6)
which in terms of ρ and θ corresponds to the system
ρ˙(s) =
1
ρ
∇R(y¯, ε2s) · y¯⊥
θ˙(s) =
4
1 + ρ2
−
1
ρ2
∇R(y¯, ε2s) · y¯
This immediately yields
ρ˙(s) = O(ε2ρ(s)), θ˙(s) =
4
1 + ρ(s)2
+O(ε2). (4.7)
Incidentally, we observe that
1
1 + ρ(s)2
≤ θ˙(s) ≤
5
1 + ρ(s)2
|y| < δε−1
for a sufficiently small, fixed δ, thanks to the established bounds (4.1).
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Differentiating we also see that
θ¨(s) = −
8ρρ˙
(1 + ρ2)2
−
(
1
ρ2
∇y¯[∇R(y¯, ε
2s) · y¯⊥]−
2ρˆ
ρ3
∇R(y¯, ε2s) · y¯
)
· ˙¯y
−
ε2
ρ2
∇Rt(y¯, ε
2s) · y¯.
Now, from (4.6) we see that ˙¯y = O(ρ−1) and from (4.7) we conclude
θ¨(s) = O(ε2ρ−2).
Next, differentiating with respect to the coordinate yi, we also obtain
ρ˙yi = (
1
ρ
∇y¯[∇R(y¯, ε
2s) · y¯⊥]−
ρˆ
ρ2
∇R(y¯, ε2s) · y¯⊥) · y¯yi
θ˙yi = −
8ρρyi
(1 + ρ2)2
− (
1
ρ2
∇y¯ [∇R(y¯, ε
2s) · y¯⊥]−
2ρˆ
ρ3
∇R(y¯, ε2s) · y¯) · y¯yi .
We recall that y¯yi = ρyi ρˆ + ρθyi θˆ hence |y¯yi(s)| ≤ α(s) with α defined in (4.4).
Thus
ρ˙yi = O(ε
2α)
ρθ˙yi = −
8ρ2ρyi
(1 + ρ2)2
+O(ε2α),
ρ˙θyi = O(ε
2α)
(4.8)
Using (4.5) we then get
|α˙| ≤ C
[
ε2α(s) + ε4
∫ τ
s
α(ζ) dζ +
1
|y|2
]
Hence integrating we get
α(s) ≤ C
[
1 + ε2
∫ τ
s
α(ζ) dζ +
(τ − s)
|y|2
]
and using Gronwall’s inequality we obtain
α(s) ≤ C[1 +
(τ − s)
|y|2
] (4.9)
In particular, it follows from (4.8) that
θ˙yi = O(ρ
−3).
Next we prove the gradient estimate using the estimates collected above. We
can rewrite Formula (4.2) in the form
∂yiφ(y, τ) =
∫ τ
0
DE(ρeiθ, ε2s)[ρyi ρˆ+ ρθyi θˆ]ds
=
∫ τ
0
∇E(ρeiθ, ε2s) · ρˆρyidx︸ ︷︷ ︸
I(τ)
+
∫ τ
0
∇E(ρeiθ, ε2s) · θˆ ρθyids︸ ︷︷ ︸
II(τ)
.
The first integral is bounded by
|I(τ)| ≤ C τ (1 + |y|)α−1. (4.10)
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We will see that II(τ) has a similar estimate. Our first consideration is that
d
ds
E(ρeiθ, ε2s) = ∇E(ρeiθ, ε2s) · ρˆ ρ˙+∇E(ρeiθ, ε2s) · θˆ ρ θ˙ + ε2Et(ρe
iθ, ε2s).
Hence if we let
γ(s) =
θyi(s)
θ˙(s)
we get
II(τ) =
∫ τ
0
d
ds
E(ρeiθ, ε2s) γ(s) ds︸ ︷︷ ︸
III(τ)
−
∫ τ
0
γ(s)∇E(ρeiθ, ε2s) · ρˆ ρ˙ ds︸ ︷︷ ︸
IV (τ)
−
∫ τ
0
γ(s) ε2Et(ρe
iθ, ε2s) ds︸ ︷︷ ︸
V (τ)
.
From (4.7) and (4.9) we see that
γ(s) = O(ρ−1ε−2).
Using this and (4.7) and our assumptions in E we obtain that III(τ) and IV (τ)
have a bound as (4.10). On the other hand, we have that
III(τ) = E(y, ε2τ) γ(τ) − E(y¯(0), 0)γ(0)−
∫ τ
0
E(ρeiθ, ε2s) γ˙(s) ds. (4.11)
The first two terms in the above expansion again have an estimate like (4.10). Now,
γ˙(s) =
θ˙yi(s)
θ˙(s)
−
θ¨θyi(s)
θ˙(s)2
and using the above estimates
θ˙yi(s)
θ˙(s)
= O(ρ−1),
θ¨θyi(s)
θ˙(s)2
= O(ρ−1).
and the desired estimate for the last term in (4.11) follows. The proof is concluded.

Remark 4.2. It is worth noticing that differentiability of the functions R and E in
the space variable y, with no assumptions in their t dependence except continuity,
yields uniform control on space derivatives of the solution of (3.31) (with possibly
poor dependence on ε).
In fact if in addition to assumption (3.30) we assume
|D2yR(y, t)|+ (1 + |y|) |D
3
yR(y, t)| ≤Mε
2
for some M > 1. then the equation for p(s) := y¯yi(s; τ, y) is
p˙(s) = Dy∇
⊥
y (Γ0 +R)(y, ε
2s)[p(s)], p(τ) = ei, s ∈ [τ, T ε
−2].
Since
|Dy∇
⊥
y (Γ0 +R)(y, ε
2s)| ≤ CM(|y|−2 + ε2).
from where, after an application of Gronwall’s inequality we get
|Dy y¯(s; τ, y)| ≤ exp
(
CTM(ε−2|y|−2 + 1)
)
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Similarly q(s) = y¯yiyj(s; τ, y) satisfies
q˙(s) = Dy∇
⊥
y (Γ0 +R)(y, ε
2s)[q(s)] + b(s), q(τ) = ei, s ∈ [τ, T ε
−2],
where
|b(s)| ≤ (|y|−3 +Mε2|y|−1) exp
(
2CTM(ε−2|y|−2 + 1)
)
and therefore we get
|D2y y¯(s; τ, y)| ≤ |y|
−1 exp
(
CTM(ε−2|y|−2 + 1)
)
From the representation formula (3.33) we get that if
|∇yE(y, t)|+ (1 + |y|)|∇yE(y, t)|+ (1 + |y|)
2|D2yE(y, t)| ≤ A(1 + |y|
α)
then the solution of (3.29) satisfies
|D2yφ(y, t)| ≤ Cε
−2A(1 + |y|)α−2 exp
(
2CTM(ε−2|y|−2 + 1)
)
.
We also remark that a uniform estimate of the same kind on ∂τ∇yφ(y, τ) can also
be derived, following a very similar proof.
4.3. The outer transport equation.
Proof of Lemma 3.4. Let us prove that x¯(s) = x¯(s; t, x) ∈ Ω for all 0 ≤ s ≤ t. In
fact if there was a s0 ∈ [0, t] such that x¯(s) ∈ Ω for all s ∈ (s0, t] but along some
sequence sn ↓ s0 we have x(sn)→ x¯ ∈ ∂Ω then from the ODE satisfied we will have
x(s) → x0 as s → x0. But since ∇⊥x (Ψ0 +Q)(x0, s) = 0 for all s thanks to (3.43),
uniqueness for ODE would yield x(s) = x0 for all s, a contradiction. Formula (3.44)
is then well-defined and we readily get the bound
|φ(x, t)| ≤ t‖E‖L∞(Ω×[0,t]).
We also have that for 1 ≤ p < +∞,∫
Ω
|E(x¯(s; t, x), s)|p dx =
∫
Ω
|E(x; t, s)|p dx
since the map x 7→ x¯(s; t, x) is area-preserving. From this we readily get
‖φ(·, t)‖Lp(Ω) ≤ t sup
s∈[0,t]
‖E(·, s)‖Lp(Ω)
The proof is complete. 
Proof of Lemma 3.5. We observe that the change of variables y =
x−ξj(t)
ε leads us
to the fact that an equation of the type (3.29) is satisfied where the assumption
(3.46) translates precisely into (3.30) for the coefficient R(y, t). The result then
follows from Lemma 4.1. 
Proof of Lemma 3.6. Under the assumptions made, φ is identically zero near the
vortices. This implies that φ satisfies an equation of the form{
φt +∇
⊥
xH · ∇φ =E(x, t) in Ω× [0, T ],
φ(x, 0) = 0 in Ω,
where
H(x, t) =
(
1−
N∑
j=1
χj(x, t)
)
Ψ0(x; ξ(t)) +Q(x, t)
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and χj is a smooth function with χj(x, t) = 1 whenever |x− ξj(t)| < βδ and = 0 if
|x− ξj(t)| > βδ. Then
φ(x, t) =
∫ t
0
E(x¯(s; t, x), s) ds
where x¯(s) = x¯(s; t, x) solves

dx¯
ds
(s) = ∇⊥x¯H(x¯(s), s), s ∈ [0, t],
x¯(t) = x.
The derivative X¯(s; t, x) = Dxx¯(s) solves

dX¯
ds
(s) = Dx¯∇
⊥
x¯H(x¯(s), s) X¯(s), s ∈ [0, t],
X¯(t) = I
where I is the identity matrix. It follows that |X¯(s)| ≤ C for some uniform constant
C. Hence
Dxφ(x, t) =
∫ t
0
Dx¯E(x¯(s; t, x), s)X¯(s; t, x) ds
and estimate (3.48) follows. 
4.4. Uniform continuity. Next we make some elementary comments on the uni-
formity of the modulus of continuity of the characteristics and the solutions of the
considered transport equations.
Let us consider an equation of the form{
φt +∇
⊥
xH · ∇φ =E(x, t) in Ω× [0, T ],
φ(x, 0) = 0, in Ω,
(4.12)
with H(·, t) = 0 on ∂Ω. We know that the condition ∆H ∈ L∞(Ω× [0, T ]) suffices
for the well-definiteness of the characteristics x¯ = x¯(s; t, x) for (4.12). In fact, the
modulus of continuity in their parameters depends only on ‖∆H‖L∞(Ω×[0,T ]).
Lemma 4.2. For all ̺ > 0 there exists a positive number
δ = δ(̺, ‖∆H‖L∞(Ω×[0,T ]), T,Ω)
such that for all (x1, t1), (x2, t2) ∈ Ω¯× [0, T ] we have
|t1 − t2|+ |x1 − x2| < δ =⇒ |x¯(s; t1, x1)− x¯(s; t2, x2)| < ̺.
Proof. By definition
˙¯x(s; ti, xi) = ∇
⊥H (x¯(s; ti, xi)) , x¯(ti; ti, xi) = xi
for i = 1, 2. Let h(s) = x¯(s; t1, x1)− x¯(s; t2, x2). Then
|h˙(s)| = |∇⊥H (x¯(s; t1, x1))−∇
⊥H (x¯(s; t2, x2)) | ≤ C‖∆H‖∞ |h(s)| | log(|h(s)|)|.
Setting β(s) := |h(s)|2, we can assume that 0 < β(s) < 1. Then we get∣∣∣∣ dds
(
log
(
log
1
β(s)
))∣∣∣∣ ≤ C‖∆H‖∞.
Integrating, we obtain
e−C‖∆H‖∞ T log
1
β(t1)
≤ log
1
β(s)
≤ eC‖∆H‖∞ T log
1
β(t1)
. (4.13)
VORTEX DYNAMICS IN EULER FLOWS 31
Observe now that
|h(t1)| = |x1 − x2|+ |x2 − x¯(t1; t2, x2)| ≤ C ‖∆H‖∞ (|x1 − x2|+ |t1 − t2|) . (4.14)
Combining (4.13) and (4.14), we obtain the result. 
Let E(x, t) be a bounded function that satisfies
sup
t∈[0,T ], |x1−x2|<µ
|E(x1, t)− E(x2, t)| ≤ Θ(µ) (4.15)
for a certain function Θ with Θ(µ)→ 0 as µ→ 0.
Corollary 4.1. Let E satisfy (4.15). Then for all ̺ > 0 there exists a positive
number
δ = δ(̺, ‖∆H‖L∞(Ω×[0,T ]), ‖E‖∞,Θ, T,Ω)
such that the solution φ(x, t) of (4.12) satisfies that for all (x1, t1), (x2, t2) ∈ Ω¯ ×
[0, T ] we have
|t1 − t2|+ |x1 − x2| < δ =⇒ |φ(x1, t1)− φ(x2, t2)| < ̺.
Proof. This is a direct consequence of Lemma 4.2 and the representation formula
φ(x, t) =
∫ t
0
E(x¯(s; t, x), s) ds
for the solution of (4.12). 
Let us now consider{
φτ +∇
⊥
x (Γ0(y) + b(y, t)) · ∇φ =E(y, t) in R
2 × [0, ε−2T ],
φ(y, 0) = 0, in R2,
(4.16)
with b(y, t) = 0 = E(y, t) for |y| > R. As in the previous problem, the modu-
lus of continuity for the characteristics y¯ = y¯(s; τ, y) for (4.16) depends only on
‖∆yb‖L∞(Ω×[0,T ]), and that of the solution only on a uniform bound for E and for
its modulus of continuity
Lemma 4.3. Assume that
sup
τ∈[0,ε−2T ], |y1−y2|<µ
|E(y1, τ)− E(y2, τ)| ≤ Θ(µ)
for a certain function Θ with Θ(µ)→ 0 as µ→ 0. Then for each ̺ > 0 there exists
a positive number
δ = δ(̺, ‖∆b‖L∞(R2×[0,ε−2T ]), ‖E‖∞,Θ, T, ε)
such that the solution φ(y, τ) of (4.16) satisfies that for all (y1, τ1), (y2, τ2) ∈ R
2 ×
[0, ε−2T ] we have
|τ1 − τ2|+ |y1 − y2| < δ =⇒ |φ(y1, τ1)− φ(y2, τ2)| < ̺.
Proof. We can estimate the modulus of continuity of the characteristics y¯(s; τ, y)
in the same way as in the proof of Lemma 4.2: for each ̺ > 0 there exists δ =
δ(̺, ‖∆b‖L∞(R2×[0,ε−2T ]), ε, T ) such that
for all (yi, τi) ∈ R¯
2 × [0, ε−2T ], i = 1, 2 : |τ1 − τ2|+ |y1 − y2| < δ
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then |y¯(s; τ1, y1)− y¯(s; τ2, y2)| < ̺. The only difference with the proof of Lemma
4.2 is that inequality (4.13) is replaced by
e−C‖∆b‖∞ ε
−2T log
1
β(τ1)
≤ log
1
β(s)
≤ eC‖∆b‖∞ ε
−2T log
1
β(τ1)
.
The conclusion of Lemma 4.3 then follows from the representation formula for the
solution of (4.16). 
5. Setting up the full problem
Let us consider the approximate solution (ω∗,Ψ∗) built in §3. We look for a
solution (ω,Ψ) of the Euler equation (2.2) as
ω(x, t) =ω∗(x, t; ξ) + ϕ(x, t)
Ψ(x, t) =Ψ∗(x, t; ξ) + ψ(x, t)
with corrections (ϕ, ψ) of the form (2.9)-(2.10) for functions
φin(y, t) = (φ1(y, t), . . . , φN (y, t)), φ
out(x, t),
ψin(y, t) = (ψ1(y, t), . . . , ψN (y, t)), ψ
out(x, t),
ξ(t) = ξ0(t) + ξ1(t) + ξ˜(t), y ∈ R2, x ∈ Ω, t ∈ [0, T ],
where ξ˜(t) satisfies (??). At this point we make the following choice of the large
number R in System (2.11)-(2.13).
R =
1
ε| log ε|
.
We shall make a further decomposition of the functions φj , ψj , as follows. We
introduce the functions Zℓ, ℓ = 0, 1, 2, 3, given by
Z0(y) = 1, Z1(y) = y1χB5R(y),
Z2(y) = y2χB5R(y), Z3(y, t) =
1− |y|2
1 + |y|2
+ b3(y, t),
(5.1)
where b3(y, t) = O(ε
2) is an explicit function that we will later specify. We assume
that φj(y, t) has sufficient decay in the y-variable and write it in the form
φj(y, t) = φ˜j(y, t) +
∑
l=0,3
αjl(t)Z1l(y) (5.2)
where
Z10(y) = U0(y), Z13(y) = 2U0(y) +∇yU0(y) · y, (5.3)
and we impose the orthogonality conditions∫
R2
φ˜jZℓ dy = 0, ℓ = 0, 1, 2, 3 for all t ∈ [0, T ], (5.4)
Accordingly, we let
ψj(y, t) = ψ˜j(y, t) +
∑
l=0,3
αjl(t)Z2l(y) (5.5)
where −∆ψ˜j = φ˜j . Precisely, we take
ψ˜j(y, t) = N (φ˜j) :=
1
2π
∫
R2
log
1
|z − y|
φ˜j(z, t) dz. (5.6)
VORTEX DYNAMICS IN EULER FLOWS 33
and
Z20(y) = Γ0(y), Z23(y) = 2
1− |y|2
1 + |y|2
,
so that indeed we have ψj = N (φj) and hence
−∆ψj = φj in R
2 × [0, T ].
The terms αlZ1l(y) correspond at main order to infinitesimal perturbations of the
parameters involved in the main part of the ansatz
ω(x;κ, ε, ξ) :=
κ
ε2
U0
(
x− ξ
ε
)
Indeed, setting y = x−ξε we see that
ε2∂κω(x;κ, ε, ξ) =Z10(y),
ε3∂εω(x;κ, ε, ξ) =Z13(y).
For later reference we also define
Z1l(y) = ∂ylU0(y), l = 1, 2 (5.7)
so that
ε3∂ξlω(x;κ, ε, ξ) = Z1l(y), l = 1, 2.
Conditions (5.4) for ℓ = 0, 1, 2 correspond to fixing respectively center of mass
in B5R and total mass of φ˜j(·, t) to be zero for they amount to∫
B5R
y φ˜j(y, t) dy = 0,
∫
R2
φ˜j(y, t) dy = 0.
The reason why we fix the center of mass condition in B5R rather than in entire R
2
is that in the natural space considered for φ˜j , the function y φ˜j(y, t) will be barely
non-integrable in entire space. We introduce the following operators, depending on
a homotopy parameter λ ∈ [0, 1]
Ej,λ(φ˜j , αj , ψ
out; ξ˜) := (5.8)
ε2∂tφ˜j + κj∇
⊥
y
[
Γ0 + λaj(ψ˜j , αj , ψ
out, ξ˜)
]
· ∇yφ˜j + κj∇
⊥
y ψ˜j · ∇y(U0 + λη4φ
∗
j )
+ λ E˜j(ψ˜j , αj , ψ
out, ξ˜)
+ ε[− ˙˜ξj + (Dξj∇
⊥
ξ K)(ξ0 + ξ1)[ξ˜] + λ η4∇
⊥
y ψ
out] · ∇U0 + ε
2
∑
l=0,3
α˙ljZ1l in R
2 × [0, T ].
where φ∗j is the function built in Proposition 3.1, ψ˜j = N (φ˜j) as in (5.6) and we
have defined
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αj := (α0j , α3j),
κjaj(ψ˜j , αj , ψ
out, ξ˜) := η4
[
R∗j (·; ξ˜) + κjψ˜j + κj
∑
l=0,3
αljZ2l + ψ
out
]
E˜j(ψ˜j , αj , ψ
out, ξ˜) :=
∑
l=0,3
αljκj∇
⊥
y [aj(ψ˜j , αj , ψ
out, ξ˜)] · ∇yZ1l
+ ε
[
∇⊥ξ K(ξ
0 + ξ1 + ξ˜)−∇⊥ξ K(ξ
0 + ξ1)− (Dξj∇
⊥
ξ K)(ξ0 + ξ1)[ξ˜]
]
· ∇U0
+ ∇⊥y (η4ψ
out) · ∇yφ
∗
j +
∑
l=0,3
αlj∇
⊥
y Z2l · ∇y(η4φ
∗
j ) + η4E
∗
j (ξ˜).
(5.9)
Here E∗j (ξ˜) is the remainder in Proposition 3.1, K is the function defined in (1.8)
and
R∗j (y, t; ξ˜) =κjRj(y, t; ξ) + κjψ
∗
j (y, t; ξ) + ψ
out∗(ξj(t) + εy, t; ξ),
η4(y) =η
(
|y|
4R
)
,
where Rj was defined in (3.10). For φj as in (5.2) and ψj = N (φj) so that (5.5)
holds, and letting φ˜ = (φ˜1, . . . , φ˜N ), α = (α1, . . . , αN ), we define
Eout1,λ (φ˜, α, φ
out, ψout, ξ˜) = ∂tφ
out + ∇⊥x
(
Ψ∗(·; ξ) + λ
N∑
j=1
η2jψj + λψ
out
)
· ∇φout
+ λE˜out1 (φ˜, α, ψ
out, ξ˜) in Ω× [0, T ].
where
E˜out1 (φ˜, α, ψ
out, ξ˜) :=
ε−2
N∑
j=1
κjφj
[
∂tη1R,j +∇
⊥
x (Ψ∗ +
N∑
j=1
κjη2R,jψj + ψ
out)) · ∇xη1R,j
]
+ (1−
N∑
j=1
η1R,j)∇x(
N∑
l=1
κlη2R,l ψl + ψ
out) · ∇xω∗
+ (1 −
N∑
j=1
η1R,j)E∗(ξ˜),
(5.10)
We also define
Eout2,λ (ψ˜, α, φ
out, ψout, ξ˜) =
∆xψ
out + λφout + λ
N∑
j=1
κj(ψj∆xη2j + 2∇xη2j · ∇xψj) + λE
out
2∗ (ξ˜)
ψout = 0 on ∂Ω× [0, T ].
The functions Eout∗ (ξ˜) and E
out
2∗ (ξ˜) are defined in (3.9). The key observation is that
for λ = 1 these operators recover Ej , E
out
1 and E
out
2 given by (3.5), (3.6) and (3.7),
whose annihilation corresponds to System (2.11)-(2.12)-(2.13). Indeed, for φj , ψj
given by (5.2)-(5.5) we have the identities
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Ej,1(φ˜j , αj , ψ
out; ξ˜) =Ej(φj , ψj , ψ
out; ξ) in BR × [0, T ],
Eout1,1 (φ˜, α, φ
out, ψout; ξ˜) =Eout1 (φ
in, ψin, φout, ψout; ξ),
Eout2,1 (φ˜, α, φ
out, ψout; ξ˜) =Eout2 (ψ
in, φout, ψout; ξ).
Problem (2.11)-(2.13) amounts to finding (φ˜, α, φout, ψout, ξ˜) that make the three
quantities above equal to zero. We will do this by a continuation argument that
involves finding uniform a priori estimates for the corresponding equations along
the deformation parameter λ imposing in addition initial condition 0 for all the
parameter functions.
We consider the functions αj , ψ
out, ξ as given and require that φ˜j satisfies an
initial value problem of the form

Ej,λ(φ˜j , αj , ψ˜
out; ξ˜) =
3∑
l=0
clj(t)Z1l(y) in R
2 × [0, T ],
φ˜j(y, 0) = 0 in R
2
(5.11)
where ψ˜j is given in terms of φ˜j by (5.6). and the four orthogonality conditions (5.4)
are imposed on φ˜j . The functions clj(t) do take explicit values which are linearly
dependent on φ˜j . They are computed after integrating the equation against Zℓ in
space variable
We will later obtain through integrations by parts a “workable” expression for
the functionals cℓj which in particular will not depend on any differentiability of
φ˜j . To annihilate Eλ,j we impose the initial value problems{
clj [φ˜j , αj , ψ
out, ξ˜, λ](t) = 0 for all t ∈ [0, T ],
ξ˜j(0) = αj(0) = 0
(5.12)
for all l and j. We require{
Eout1,λ (φ˜, α, φ
out, ψout; ξ˜) = 0 in Ω× [0, T ],
φout(·, 0) = 0 in Ω.
(5.13)
{
Eout2,λ (φ˜, α, φ
out, ψout; ξ˜) = 0 in Ω× [0, T ],
ψout = 0 on ∂Ω× [0, T ].
(5.14)
and we recall that, as in (5.2)-(5.5)
φj(y, t) = φ˜j(y, t) +
∑
l=0,3
αjl(t)Z1l(y),
ψj(y, t) = ψ˜j(y, t) +
∑
l=0,3
αjl(t)Z2l(y).
Let us explain the strategy of the rest of the proof. We consider the vector
of parameter functions ~p = (φ˜, α, φout, ψout, ξ˜). We shall define a Banach space
(X, ‖ · ‖X) where these functions belong and set the system of equations (5.6),
(5.11), (5.12), (5.13), (5.14), in the fixed point form
~p = F(~p, λ), ~p ∈ O . (5.15)
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Here O designates a bounded open set in X with ~p = ~0 ∈ O and F(·, λ) is a
homotopy of nonlinear compact operators on O¯ with F(·, 0) linear.
We shall prove that a suitable choice of a small O yields that for all λ ∈ [0, 1] no
solution of (5.15) with ~p ∈ ∂O exists. Existence of a solution of (5.15) for λ = 1 thus
follows from standard degree theory. But this precisely corresponds to a solution
of the original problem. The definition of the norm and the set O will yield the
desired properties of the solution of Euler equation thus obtained.
In order to find the desired a priori estimates we need several preliminary con-
siderations which we make in the next section.
6. Preliminaries for a priori bounds
6.1. The Poisson equation. Let us consider for the solution of the Poisson equa-
tion
−∆yψ(y) = φ(y) in R
2 (6.1)
given by the Newtonian potential
ψ(y) =
1
2π
∫
R2
log
1
|y − z|
φ(z) dz. (6.2)
Our basic assumptions are∫
R2
φ2(y)U0(y)
−1dy < +∞,
∫
R2
φ(y) dy = 0.
Equation (6.1) can be pulled back into the sphere S2 by means of the stereographic
Π(z) = (
z1
1− z3
,
z2
1− z3
), z ∈ S2 − {(0, 0, 1)}, (6.3)
whose inverse is given by
Π−1(y) = (
2y1
1 + |y|2
,
2y2
1 + |y|2
,
|y|2 − 1
1 + |y|2
), y ∈ R2.
For a function h(y) : R2 → R we denote by h(z) the function h(Π(z)) defined on
S2. Then we get
∆R2h(y) = U0(∆S2h)(z), y = Π(z).
and ∫
R2
h(y) dy =
∫
S2
h(z)U−10 (z) dσ(z).
Let us denote
φ˜(y) =
φ(y)
U0(y)
Then we have∫
S2
φ˜2(z) dσ(z) =
∫
R2
φ2(y)U0(y)
−1 dy,
∫
S2
φ˜(z) dσ(z) = 0,
and Equation (6.1) gets transformed into
−∆S2 ψ˜ = φ˜ in S
2. (6.4)
The mean value zero condition implies the existence of a unique solution of (6.4)
with mean value zero, which we denote in what follows as (−∆S2)
−1φ˜. This solution
VORTEX DYNAMICS IN EULER FLOWS 37
is in H2(S2), hence it is Ho¨lder continuous of any order. Setting P = (0, 0, 1) then
the function
ψ˜(z) = (−∆S2)
−1φ˜(z)− (−∆S2)
−1φ˜(P )
is the only one that vanishes at P . Pulling back this function to a ψ(y) defined in
R
2 we see that it satisfies equation (6.1) and it is the only solution that vanishes as
|y| → ∞. In fact that condition is precisely satisfied by (6.2). This and the Ho¨lder
condition yields that ψ given by (6.2) satisfies
|ψ(y)| ≤
C
1 + |y|1−σ
‖φU
− 1
2
0 ‖L2(R2) (6.5)
for an arbitrarily small σ > 0. Moreover, for all p > 2 we have an Lp(S2)-gradient
estimate for ψ˜(z) of the form
‖∇S2ψ˜‖Lp(S2) ≤ C‖φ˜‖L2(S2)
which yields for ψ in (6.2)
‖U
− 1
2
+ 1
2p
0 ∇ψ‖Lp(R2) ≤ C‖φU
− 1
2
0 ‖L2(R2). (6.6)
If we in addition have that φ˜ ∈ Lq(S2) for some q > 2, then a solution of (6.4)
satisfies
‖∇S2ψ˜‖C0,α(S2) ≤ C‖φ˜‖Lq(S2).
for some 0 < α < 1. This estimate translates for ψ in (6.2) into
|ψ(y)| + (1 + |y|) |∇ψ(y)|+ (1 + |y|)1+α[∇ψ]α(y) ≤
C
1 + |y|
‖U
1
q
−1
0 φ‖Lq(R2), (6.7)
where
[∇ψ]α(y) = sup
y1,y2∈B1(y)
|∇ψ(y1)−∇ψ(y2)|
|y1 − y2|α
.
A useful corollary (6.7) is the following estimate. For a > 0 let us denote
‖φ‖a = sup
y∈R2
|(1 + |y|)aφ(y)|.
Lemma 6.1. Let 0 < β < 1 be fixed. Then given 0 < σ < 1 there exist numbers
Cσ > 0 and α ∈ (0, 1) such that for any function φ(y) with ‖φ‖3+β < +∞ and∫
R2
φ = 0 we have
|ψ(y)| + (1 + |y|)|∇yψ(y)|+ (1 + |y|)
1+α[∇ψ]α(y)
≤
Cσ
1 + |y|
‖φ‖σ3+β‖U
− 1
2
0 φ‖
1−σ
L2(R2) for all y ∈ R
2.
Proof. Let us fix a number p with 2 < p < 21−β . Then we have that
‖U
1
p
−1
0 φ‖Lp(R2) ≤ C ‖φ‖3+β.
We write a number q ∈ (2, p), which we are interested in taking it arbitrarily close
to 2, in the form
q = 2(1− λ) + λp, λ ∈ (0, 1).
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Using Ho¨lder’s inequality we check that
‖U
1
q
−1
0 φ‖
q
Lq(R2) =
∫
R2
U1−q0 |φ|
q dy
≤
(∫
R2
U−10 |φ|
2 dy
)(1−λ) (∫
R2
U1−p0 |φ|
p dy
)λ
= ‖U
− 1
2
0 φ‖
2(1−λ)
L2(R2) ‖U
1
p
−1
0 φ‖
pλ
Lp(R2),
and then
‖U
1
q
−1
0 φ‖Lq(R2) ≤ ‖U
− 1
2
0 φ‖
2
q
(1−λ)
L2(R2) ‖φ‖
p
q
λ
3+β.
Letting
σ =
p
q
λ =
pλ
2(1− λ) + pλ
the desired result readily follows from (6.7). 
6.2. A quadratic form. Let us consider functions φ that satisfy
‖φU
− 1
2
0 ‖L2(R2) <∞ (6.8)
and the orthogonality conditions∫
R2
φ(y)Zℓ(y) dy = 0, ℓ = 0, 1, 2, 3. (6.9)
where, consistently with (5.1), we denote
Z0(y) = 1, Z1(y) = y1χB5R(y),
Z2(y) = y2χB5R(y), Z3(y) =
1− |y|2
1 + |y|2
+ b3(y),
(6.10)
where R is a large positive number and b3(y) satisfies
|b3(y)| ≤ R
−ν for some ν > 0. (6.11)
We have the validity of the following key estimate for functions with the above
properties.
Lemma 6.2. There exists a number γ > 0 such that for any sufficiently large R
and all φ satisfying conditions (6.8)-(6.9), the following holds: let g be given by
g = U−10 φ− ψ, ψ(y) =
1
2π
∫
R2
log
1
|y − z|
φ(z) dz
we have ∫
R2
φg ≥
γ
| logR|
∫
R2
φ2U−10 . (6.12)
Proof. Let us set φ˜ = U−10 φ. We recall that, after stereographic projection, we have
that ∫
S2
φ˜2 =
∫
R2
φ2U−10 ,
∫
S2
φ˜ =
∫
R2
φ = 0.
Besides ∫
R2
φg =
∫
S2
φ˜(φ˜− 2(−∆S2)
−1φ˜).
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Expanding φ˜ in the orthonormal basis in L2(S2) of spherical harmonics we get
φ˜ =
∞∑
j=0
φ˜jej(z) =
3∑
j=0
φ˜jej(z) + φ˜
⊥,
where −∆S2ej = λjej . Here λ0 = 0 and e0 is constant, while λ1 = λ2 = λ3 = 2,
with ej(z) = zj. From (6.9), we get φ˜0 = 0. Thus∫
R2
φg =
∞∑
j=4
(
1−
2
λj
)
φ˜2j ≥ c1‖φ˜
⊥‖2L2(S2) (6.13)
for some uniform c1 > 0. We also have
0 =
∫
BR
φyj = c2φ˜j +O(‖φ˜
⊥‖L2(S2)) | logR|
1
2
for some uniform c2 > 0. On the other hand, we have
0 =
∫
R2
φZ3 = φ˜3 +O(R
−ν)‖φ˜‖L2(S2).
From the above relations we get that for some c > 0 independent of R,
‖φ˜⊥‖2L2(S2) ≥ ‖φ˜‖
2
L2(S2) − c
3∑
ℓ=1
|φ˜ℓ|
2,
≥ (1−O(R−2ν)) ‖φ˜‖2L2(S2) − c| logR| ‖φ˜
⊥‖2L2(S2).
From here and (6.13) it follows that∫
R2
φg ≥
γ
| logR|
∫
S2
φ˜2
for some uniform γ > 0, as desired. 
6.3. An L2-weighted a priori estimate. We let f(v) = ev and consider a linear
transport equation of the form

ε2φt +∇
⊥
y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ)
+ E(y, t) = 0 in R2 × (0, T ),
φ(·, 0) = 0 in R2
(6.14)
where
ψ(y, t) =
1
2π
∫
R2
log
1
|y − z|
φ(z, t) dz. (6.15)
and φ(y, t) satisfies the orthogonality conditions∫
R2
φ(y, t)Zℓ(y) dy = 0, l = 0, 1, 2, 3 for all t ∈ [0, T ]. (6.16)
where Zℓ is defined in (6.10) with
R =
1
ε| log ε|
(6.17)
and b3 = b3(y, t) satisfying (6.11) for some ν > 0. On the functions a∗(y, t), and
a(y, t) we assume
a∗(y, t), a(y, t) = 0 for |y| ≥ 4R, ∆y(a+ a∗) ∈ L
∞(R2 × (0, T )) (6.18)
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and for some numbers C > 0, ν > 0,
|∂ta∗(y, t)|+ |(1 + |y|)∇ya∗(y, t)| ≤ Cε
2(1 + |y|2)
|∇ya(y, t)| ≤ ε
2+ν . (6.19)
Lemma 6.3. There exists a constant C > 0 such that for any a, a∗ satisfying
(6.19)-(6.24), R given by (6.17), all sufficiently small ε and any solution φ of (6.14)-
(6.16) with
sup
t∈[0,T ]
‖U
− 1
2
0 φ(·, t)‖L2(R2) < +∞ (6.20)
we have
sup
t∈[0,T ]
‖U
− 1
2
0 φ(·, t)‖L2(R2) ≤ C ε
−2 | log ε|
1
2 sup
t∈[0,T ]
‖E(·, t)U
−1/2
0 ‖L2(R2). (6.21)
Proof. Let us assume that
sup
t∈[0,T ]
‖E(·, t)U
−1/2
0 ‖L2(R2) < +∞
and define the functions
U1 = f
′(Γ0 + a∗), U1g1 = φ− f
′(Γ0 + a∗)ψ.
We claim that, after multiplying equation (6.14) against g1 and integrating in R
2,
we get
ε2
2
d
dt
(∫
R2
φg1 dy
)
+
ε2
2
∫
R2
φ2
(U1)t
U21
dy +
1
2
∫
R2
∇U1
U1
(∇⊥y a)U1g
2
1 dy
+
∫
R2
Eg1 dy = 0.
(6.22)
To prove (6.22), we first observe that
0 = ε2
∫
R2
φtg1 dy +
∫
R2
U−11 ∇
⊥
y (Γ0 + a∗ + a)∇(
U21 g
2
1
2
) dy +
∫
R2
Eg1 dy
= ε2
∫
R2
φtg1 dy +
1
2
∫
R2
∇U1
U1
(∇⊥y a)U1g
2
1 dy
+
∫
R2
Eg1 dy
(6.23)
As before, we set φ˜ = φU−10 , and we recall that, after the stereographic projection
(6.3) ∫
R2
φ[
φ
U0
− ψ](·, t) dy =
∫
S2
φ˜[φ˜− 2(−∆S2)
−1φ˜](·, t)dσ.
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Direct computations give∫
R2
φt g1 dy =
∫
R2
φt[
φ
U0
− ψ] dy +
∫
R2
φφt
U0 − U1
U0 U1
dy
=
∫
S2
φ˜t[φ˜− 2(−∆S2)
−1φ˜] dσ +
∫
R2
φφt
U0 − U1
U0U1
dy
=
1
2
d
dt
(∫
R2
φ[φ+∆−1
R2
φ]dy
)
+
∫
R2
d
dt
(
φ2
2
)
U0 − U1
U0 U1
dy
=
1
2
d
dt
(∫
R2
φg dy
)
+
∫
R2
φ2
2
d
dt
(
U1 − U0
U0U1
)
dy
=
1
2
d
dt
(∫
R2
φg dy
)
+
∫
R2
φ2
2
(U1)t
U21
dy.
Replacing this term in (6.23) we obtain (6.22).
Next, we estimate the last three terms in (6.22). Since U1 = (1 + o(1))U0, then
from Lemma 6.2 and (6.12) we obtain∣∣∣∣
∫
R2
Eg1 dy
∣∣∣∣ ≤ ‖EU− 120 ‖L2(R2) ‖U 120 g1‖L2(R2)
≤ C‖EU
− 1
2
0 ‖L2(R2) ‖U
1
2
0 g‖L2(R2)
≤ C| logR| ‖EU
− 1
2
0 ‖L2(R2)
(∫
R2
φg1
) 1
2
.
On the other hand, using (6.18) and (6.19), we get∣∣∣∣
∫
R2
φ2
(U1)t
U21
dy
∣∣∣∣ ≤ C
∫
R2
φ2U−10 |∂ta∗| dy
≤ Cε2(1 +R2) ‖φU
− 1
2
0 ‖L2(R2).
Using again Lemma 6.2, (6.12) and assumptions (6.19), we finally get∣∣∣∣
∫
R2
∇U1
U1
(∇⊥y a)U1g
2
1 dy
∣∣∣∣ ≤ Cε2+ν | logR|
∫
R2
φ2U−10 dy.
Then
ε2
d
dt
∫
R2
g1φdy ≤ Cε
2
(
ε2(1 +R2) logR+ εν | logR|2
) ∫
R2
g1φdy
+ ‖E U
−1/2
0 ‖L2(R2)
(∫
R2
g1φdy
)1/2
≤ Cε4R2 logR
∫
R2
g1φdy + ‖E U
−1/2
0 ‖L2(R2)
(∫
R2
g1φdy
)1/2
.
Let us set
α(t) =
(∫
R2
g1φdy
) 1
2
, Aε = C ε
2R2 logR.
Then we find
ε2
dα
dt
≤ ε2Aεα+ ‖E(·, t)U
−1/2
0 ‖L2 .
VORTEX DYNAMICS IN EULER FLOWS 42
Since R satisfies (6.17) we have that Aε = o(1) as ε → 0. Gronwall’s inequality
then yields
α(t) ≤ C ε−2 sup
0≤t≤T
‖E(·, t)U
−1/2
0 ‖L2 .
This inequality and Lemma 6.2 yield (6.21). 
We consider a class of functions E(y, t) such that for a number 0 < β < 1 we
have
‖E‖3+β := sup
(y,t)∈R2×[0,T ]
|(1 + |y|)3+βE(y, t)‖ < +∞. (6.24)
We observe that
sup
t∈[0,T ]
‖E(·, t)U
−1/2
0 ‖L2(R2) ≤ C ‖E‖3+β,
hence Lemma 6.3 is applicable.
Lemma 6.4. Under the assumptions of Lemma 6.3, given an arbitrarily small
σ > 0 we have that for some 0 < α < 1 and all small ε,
|ψ(y, t)| + (1 + |y|)|∇yψ(y, t)|+ (1 + |y|)
1+α[∇ψ(·, t)]α(y)
≤
ε−2−σ
1 + |y|
‖E‖3+β for all (y, t) ∈ R
2 × [0, T ].
(6.25)
where ψ(y, t) is given by (6.15) where φ(y, t) is a solution of (6.14)-(6.16) satisfying
(6.20).
Proof. We have that φ(y, t) satisfies the transport equation{
ε2φt +∇
⊥
y (Γ0 + a∗ + a) · ∇yφ+ E˜(y, t) = 0 in R
2 × (0, T ),
φ(·, 0) = 0 in R2
(6.26)
where
E˜(y, t) = E(y, t)−∇⊥y (Γ0 + a∗ + a) · ∇y(f
′(Γ0 + a∗)ψ).
Let us fix a number p with 2 < p < 21−β . Then we have that
sup
t∈[0,T ]
‖U
1
p
−1
0 E(·, t)‖Lp(R2) ≤ C ‖E‖3+β.
We claim that
sup
t∈[0,T ]
‖U
1
p
−1
0 φ(·, t)‖Lp(R2) ≤ Cε
−4 | log ε|
1
2 sup
t∈[0,T ]
‖U
− 1
2
0 E(·, t)‖L2(R2). (6.27)
Let us postpone the proof of (6.27). Interpolating as in the proof of Lemma 6.1 we
see that for some q = q(µ) > 2 we have
‖U
1
q
−1
0 φ(·, t)‖Lq(R2) ≤ ‖U
− 1
2
0 φ(·, t)‖
1−µ
L2(R2) ‖U
1
p
−1
0 φ(·, t)‖
µ
Lp(R2).
Using estimates (6.27) and (6.21) in Lemma 6.3, we conclude that
sup
t∈[0,T ]
‖U
1
q
−1
0 φ‖Lq(R2) ≤ ε
−2− σ
2 | log ε|
1
2 sup
t∈[0,T ]
‖U
− 1
2
0 E‖L2(R2),
and then (6.25) directly follows from (6.7). Finally, let us prove estimate (6.27).
Since φ solves equation(6.26), Lemma 3.2 applies to yield
‖U
1
p
−1
0 φ‖Lp(R2) ≤ Cε
−2‖U
1
p
−1
0 E˜‖Lp(R2). (6.28)
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Let us estimate this weighted Lp norm for the second term in E˜. We have∣∣∇⊥y (Γ0 + a∗ + a) · ∇y(f ′(Γ0 + a∗)ψ)∣∣ ≤ C [ 11 + |y|5 |∇ψ|+ 11 + |y|6 |ψ| ].
Since ∥∥∥∥U 1p−10 |∇ψ|1 + |y|5
∥∥∥∥
Lp(R2)
≤ C
∥∥∥∥U− 12+ 12p0 |∇ψ|
∥∥∥∥
Lp(R2)
,
using (6.6) we get ∥∥∥∥U 1p−10 |∇ψ|1 + |y|5
∥∥∥∥
Lp(R2)
≤ C
∥∥∥U− 120 φ∥∥∥
L2(R2)
and from (6.5), ∥∥∥∥U 1p−10 |ψ|1 + |y|6
∥∥∥∥
Lp(R2)
≤ C
∥∥∥U− 120 φ∥∥∥
L2(R2)
.
Combining the above estimates, we conclude
sup
t∈[0,T ]
‖U
1
p
−1
0 E˜(·, t)‖Lp(R2) ≤ C
(
‖E‖3+β + sup
t∈[0,T ]
‖U
− 1
2
0 φ|‖L2(R2)
)
.
From this last estimate, together with (6.28) and the result of Lemma 6.3, we get
(6.27). The proof is concluded. 
As a consequence of the above result we can also get an L∞-weighted estimate
for φ.
Corollary 6.1. Under the assumptions of Lemma 6.4, we also have the estimate
|φ(y, t)| ≤ C
[ ε−2
1 + |y|3+β
+
ε−4−σ
1 + |y|7
]
‖E‖3+β. (6.29)
Proof. Recall that φ(y, t) solves (6.26). From Lemma 6.4, we get
|E˜(y, t)| ≤ C
[ 1
1 + |y|3+β
+
ε−2−σ
1 + |y|7
]
‖E‖3+β.
Estimate (6.29) then follows as a direct application of Lemma 3.2 for p = +∞. 
6.4. Estimates for a projected problem. Here we consider the “projected ver-
sion” of Problem (6.14),

ε2φt +∇
⊥
y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ) + E(y, t)
=
3∑
l=0
cl(t)Z1l(y) in R
2 × (0, T )
φ(·, 0) = 0 in R2
(6.30)
under the same assumptions on a and a∗ in (6.14). Here ψ is given by (6.15) and
φ satisfies the orthogonality conditions (6.16). We recall, from (5.3), (5.7),
Z10(y) = U0(y), Z11(y) = ∂y1U0(y),
Z12(y) = ∂y2U0(y), Z13(y) = 2U0(y) +∇yU0(y) · y.
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The functions cl(t) are precisely those compatible with relations (6.16), that is
γlcl(t) =
∫
R2
[
E(·, t) +∇⊥y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ)
]
(·, t)Zℓ dy,
ℓ = 0, 1, 2, (6.31)
γ3c3(t) = −ε
2
∫
R2
(∂tb3)φdy −
2∑
ℓ=0
cℓ(t)
∫
R2
b3Z1ℓ dy (6.32)
+
∫
R2
[
E(·, t) +∇⊥y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ)
]
(·, t)Z3 dy .
where
γℓ =
∫
R2
Z1ℓZℓ dy, l = 0, 1, 2, 3.
Our purpose is to give alternative expressions for the functions cl(t) that do not
involve derivatives of φ, always assuming that φ has sufficient decay in the y-
variable. We consider the case in which for some 0 < β < 1 we have a solution of
(6.30) with
‖E‖3+β < +∞, ‖φ‖3+β < +∞. (6.33)
where this norm was defined in (6.24).
It is useful to notice that thanks to Corollary 6.1 we have the validity of the
pointwise estimate
|φ(y, t)| ≤ C
[ ε−2
1 + |y|3+β
+
ε−4−σ
1 + |y|7
]
M
where
M := ‖E‖3+β +
3∑
ℓ=0
‖cℓ‖L∞(0,T ) .
An observation that will later be useful on the behavior of ψ is the following. Since
ψ satisfies
−∆ψ = φ in R2 × [0, T ], ψ(y, t)→ 0 as |y| → +∞,
then decomposing (ψ, φ) in Fourier series as
ψ(y, t) =
∞∑
k=0
ψk(r, t)e
ikθ , φ(y, t) =
∞∑
k=0
φk(r, t)e
ikθ (6.34)
we have, using the variation of parameters formula for the corresponding ODEs for
modes k = ±1,
ψ±1(r, t) =
1
r
∫ r
0
ρ dρ
∫ ∞
ρ
φ±1(s, t) ds
ψ±1(r, t) =
A±1(t)
r
+M
(
r−5O(ε−4−σ) + r−1−βO(ε−2)
)
(6.35)
for certain numbers A±1(t).
At this point we will be more explicit in the choice of the function a∗(y, t)
satisfying (6.19) and b3(y, t) in the definition of Z3. We let
B(y, t) := ∆y(Γ0 + a∗) + f(Γ0 + a∗)
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and assume that for some ν > 0,
|B(y, t)|+ (1 + |y|)|∇yB(y, t)| ≤ ε
2+ν(1 + |y|)−1−ν for all (y, t) ∈ R2 × [0, T ].
(6.36)
Let Z3(y) =
|y|2−1
1+|y|2 . Then for a certain function G(s) we can write Z3(y) =
G(Γ0(y)). b3 will be chosen in such a way that the relation
G(Γ0 + a∗) ≈ Z3 := Z3 + b3
holds, which we assume by setting
b3(y, t) := G
′(Γ0(y)) a∗(y, t)
We observe that G′(Γ0(y)) ∼ |y|−2 for large |y|, hence
b3(y, t) = O(ε
2), ∇yb3(y, t) = O(ε
2|y|−1)
and
Z3(y, t) = G(Γ0(y) + a∗(y, t) ) +O(ε
4|y|2),
∇yZ3(y, t) = ∇yG(Γ0(y) + a∗(y, t) ) +O(ε
4|y|).
After testing Equation (6.30) against the functions Zℓ and integrate in space vari-
able we arrive at the expressions (6.31)-(6.32) for the functions cl(t). To estimate
c3(t) we we integrate by parts the last quantity in (6.32) and get∫
R2
∇⊥y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ)(·, t)Z3 dy .
= −
∫
R2
(φ− f ′(Γ0 + a∗)ψ)(·, t)∇yZ3 · ∇
⊥
y (Γ0 + a∗ + a).
We have that
∇yZ3 · ∇
⊥
y (Γ0 + a∗ + a) = ∇yZ3 · ∇
⊥
y a+O(ε
4|y|)∇⊥y (Γ0 + a∗ + a)
= O(ε4) +O(ε2+ν |y|−3).
We conclude that
γ3c3(t) =
∫
R2
E(·, t)Z3 dy +O(ε
2+ν)‖φ(·, t)U
− 1
2
0 ‖L2(R2) +O(ε
2)
2∑
ℓ=0
|cℓ(t)|
In a similar way, we obtain, for l = 0, we compute∫
R2
[
∇⊥y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ)
]
(·, t)Z0 dy
= −
∫
R2
(φ+ f ′(Γ0 + a∗)ψ)∇
⊥
y (Γ0 + a∗ + a) · ∇y1
= 0.
Hence
γ0c0(t) =
∫
R2
E(·, t)Z3 dy .
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On the other hand, for l = 1 we have∫
B5R
[
∇⊥y (Γ0 + a∗ + a) · ∇y(φ − f
′(Γ0 + a∗)ψ)
]
(·, t)Z1 dy
=
∫
B5R
(∆ψ + f ′(Γ0 + a∗)ψ)∇
⊥
y (Γ0 + a∗ + a) · e1 dy
+
∫
∂B5R
(φ− f ′(Γ0)ψ)∇
⊥
y Γ0 · ν(y)y1 dσ
=
∫
B5R
(∆ψ + f ′(Γ0 + a∗)ψ)∂y2(Γ0 + a∗) dy
+ O(ε2+ν)‖φ(·, t)U
− 1
2
0 ‖L2(R2)
Now, we see that∫
B5R
∆ψ∂y2(Γ0+a∗) dy =
∫
B5R
ψ∆∂y2(Γ0+a∗) dy+
∫
∂B5R
(∂νψ∂y2Γ0−ψ∂ν∂y2Γ0) dσ
To carry out this analysis, we observe that the integral
I :=
∫
∂B5R
(∂νψ∂y2Γ0 − ψ∂ν∂y2Γ0) dσ
has sufficient smallness as ε→ 0. Indeed, using the expansion (6.34) and estimate
(6.35) we obtain that
I =
∑
k=−1,+1
∫
∂B5R
(∂rψk(r)e
ikθ∂y2Γ0 − ψk(r)e
ikθ∂r∂y2Γ0) dσ =MO(ε
β
2 ).
Using assumption (6.36) we find that∫
B5R
(∆ψ + f ′(Γ0 + a∗)ψ)∂y2(Γ0 + a∗) dy
=
∫
B5R
∂y2(∆(Γ0 + a∗) + f(Γ0 + a∗))ψ dy + I
=O(ε2+ν)‖U
− 1
2
0 φ‖L2(R2) +MO(ε
β
2 ).
We can argue in exactly the same way to estimate c2(t). As a conclusion, we find
that
γℓcℓ(t) =
∫
R2
E(·, t)Zℓdy +MO(ε
β′), ℓ = 1, 2
for some uniform number β′ > 0.
Combining the above estimates, we obtain the following result.
Proposition 6.1. There exists a number β′ > 0 such that for all sufficiently small
ε > 0 and any functions E(y, t) and φ(y, t) that satisfy (6.16), (6.30) and (6.33), we
have that the numbers cℓ(t) define linear functionals of E which satisfy the estimate
γℓcℓ(t) =
∫
R2
E(·, t)Zℓ dy + O(ε
β′)‖E‖3+β.
Besides φ and ψ satisfy the estimates (6.21), (6.25), (6.29).
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6.5. Some a priori estimates. We want to apply this proposition to obtain a
priori estimates to System (5.6), (5.11), (5.12), (5.13), (5.14). Specifically, we want
to deal with equations (5.11). Let us write it in the form
ε2∂tφ˜j + κj∇
⊥
y
[
Γ0 + λaj(ψ˜j , αj , ψ
out, ξ˜)
]
· ∇yφ˜j + κj∇
⊥
y ψ˜j · ∇y(U0 + λη4φ
∗
j )
+ Θj,λ(ψ˜j , αj , ψ
out; ξ˜) =
3∑
l=0
clj(t)Z1l(y) in R
2 × [0, T ].
(6.37)
where
Θj,λ(ψ˜j , αj , ψ
out; ξ˜) := λ
[
E˜j(ψ˜j , αj , ψ
out, ξ˜) + εη4∇
⊥
x ψ
out · ∇U0
]
+ ε[− ˙˜ξj + (Dξj∇
⊥
ξ K)(ξ0 + ξ1)[ξ˜]] · ∇U0
+ ε2
∑
l=0,3
α˙ljZ1l.
The main observation is that the linear operator in φ˜j given by the first row of
formula (6.37) can essentially be written as one of the form involved in equation
(6.30), provided that the functions ψj , ψ
out, αj are of sufficiently small order. After
scaling out κj to assume it equal to 1 we write
a∗ + a := λaj(ψ˜j , αj , ψ
out, ξ˜)
where
a(y, t) := λ η4
(
ψ˜j +
∑
l=0,3
αljZ2l + ψ
out + ε
˙˜
ξ · y
)
. (6.38)
We will consider parameter functions lying on a region where ∇a = O(ε2+ν) for
some ν > 0. Recalling the definition of aj in (5.9) we find that the functions
a(y, t), a∗(y, t) satisfy the structure assumptions (6.18)-(6.19). Moreover, carefully
checking the terms involved in (5.9), we obtain that
a∗ = λ(η4ψ
∗
j +H)
where
H = H0 +H1, ψ
∗
j = ψ
∗
j0 + ψ
∗
j1,
H0 = O(ε
2|y|2), H1 = O(ε
4|y|2) +O(ε3| log ε| |y|−1),
∆ψ∗j0 + f
′(Γ0)ψ
∗
j0 + f
′(Γ0)H0 = 0,
∆H0 = 0, ∆H1 = O(ε
4) +O(ε3| log ε| |y|−3).
while, also,
φ∗j = −∆ψ
∗
j0 +O(ε
4) +O(ε3| log ε| |y|−3).
From the above relations, the following facts are readily obtained
U0 + λη4φ
∗
j = f(Γ0 + a∗) = +λη4[O(ε
4) +O(ε3| log ε| |y|−3) ].
and for
B(y, t) = ∆(Γ0 + a∗) + f(Γ0 + a∗)
we have
|B(y, t)| + (1 + |y|)|∇yB(y, t)| ≤ C λ[ ε
4 + ε3| log ε| |y|−3 ],
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We can therefore write in this setting Equation (6.37) in the form

ε2φt +∇
⊥
y (Γ0 + a∗ + a) · ∇y(φ− f
′(Γ0 + a∗)ψ)
+ Θj,λ + λ[A · ∇ψ +Bψ]
=
3∑
l=0
cl(t)Z1l(y) in R
2 × (0, T )
φ(·, 0) = 0 in R2
where
|A|+ (1 + |y|)|B| ≤ C
[
ε4 + ε3| log ε| |y|−3
]
.
and a priori bounds of the form
γℓcjl(t) =
∫
R2
Θj,λ(·, t)Zℓ dy + O(ε
β′)‖Θj,λ‖3+β. (6.39)
for some β′ > 0 readily follow, of course provided that a(y, t) satisfies the required
smallness assumptions.
Moreover, we make the following observation which is useful to obtain an im-
provement of the a priori estimate for φ˜j . We can rewrite equation (6.37) in the
form 

ε2∂tφ˜j + κj∇
⊥
y
[
Γ0 + λaj(ψ˜j , αj , ψ
out, ξ˜)
]
· ∇yφ˜j
+ κj∇
⊥
y ψ˜j · ∇y(U0 + λη4φ
∗
j ) + λΘ˜j(ψ˜j , αj , ψ
out; ξ˜)
=
3∑
l=0
c˜lj(t)Z1l(y) in R
2 × [0, T ],
φ˜j(y, 0) = 0 in R
2.
(6.40)
for certain numbers c˜lj(t) with Θ˜j,λ consist of some pieces of Θj,λ taken away. More
precisely,
Θ˜j(ψ˜j , αj , ψ
out; ξ˜)(y, t) := E˜j(ψ˜j , αj , ψ
out, ξ˜)(y, t)
+ εη4 [∇
⊥
x ψ
out(ξj(t) + εy, t)−∇
⊥
x ψ
out(ξj(t), t)] · ∇U0(y) .
(6.41)
where E˜j is defined in (5.9). Applying Lemma 6.3 and Corollary 6.1 we find that if
a(y, t) has sufficient smallness then φ˜j(y, t) solving (6.40) satisfies the bounds
sup
t∈[0,T ]
‖U
− 1
2
0 φ(·, t)‖L2(R2) ≤ C ε
−2 | log ε|
1
2 ‖Θ˜j‖3+β. (6.42)
and
|φ(y, t)| ≤ C
[ ε−2
1 + |y|3+β
+
ε−4−σ
1 + |y|7
]
‖Θ˜j‖3+β . (6.43)
7. Reformulation and a priori bounds
We consider in this section System (5.6), (5.11), (5.12), (5.13), (5.14), which we
will set up as a fixed problem of the form (5.15) in an appropriate Banach space
X .
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7.1. The space X. We begin by defining an appropriate norm for the functions
φ˜j(y, t) in agreement with the estimates found in the previous section.
Let us fix a small number 0 < β < 1. For and arbitrary functions φ(y, t) we
define the inner norm
‖φ‖i := sup
t∈[0,T ]
‖φ(·, t)U
− 1
2
0 ‖L2(R2)
+ sup
(y,t)∈R2×[0,T ]
| (1 + |y|)3+βmin{1, ε2+
β
4 (1 + |y|)4−β}φ(y, t) |
For the outer functions ψ˜out, φ˜out we consider the following norms for functions
φ(x, t), ψ(x, t) defined in Ω× [0, T ].
‖φ‖o1 := ‖φ‖L∞(Ω×[0,T ]),
‖ψ‖o2 := ‖ψ‖L∞(Ω×[0,T ]) + ‖∇xψ‖L∞(Ω×[0,T ]) .
We consider the space X of all continuous functions ~p = (φ˜, α, φout, ψout, ξ˜) such
that ∇yψ˜(y, t), ∇xψout(x, t), α˙(t),
˙˜ξ(t), exist and are continuous and such that
‖~p ‖X := ‖φ
out‖o1 + ‖ψ
out‖o2 +
N∑
j=1
(
‖φ˜j‖i + ‖αj‖C1[0,T ] + ‖ξ˜j‖C1[0,T ]
)
< +∞.
We define the set O as a “deformed ball” centered at ~p = ~0. We fix an arbitrarily
small number σ > 0 and let O be the set of all functions ~p = (φ˜, α, ξ˜, φout, ψout) ∈ X
such that 

N∑
j=1
‖φ˜j‖i < ε
3−3β,
N∑
j=1
‖αj‖C1[0,T ] < ε
3−3β ,
N∑
j=1
‖ξ˜j‖C1[0,T ] < ε
4−3β,
‖φout‖o1 < ε
4−3β , ‖ψout‖o2 < ε
4−3β.
(7.1)
7.2. Fixed point formulation. Let us express System (5.11), (5.12), (5.13), (5.14)
in the fixed point form (5.15) for a suitable operator F(·, λ), in a region of the form
(7.1).
We start with (5.11). For a given function a(y, t) with ∆ya ∈ L∞(R2 × [0, T ])
let us consider the transport operator
Tj(a)[φ] := ε
2φt + κj∇
⊥
y (Γ0 + a) · ∇yφ,
and for a bounded function E(y, t) the linear equation
Tj(a)[φ] + E = 0 in R
2 × [0, T ]
φ(·, 0) = 0 in R2.
We call φ = T −1j (a)[E] the unique solution of this problem, through the representa-
tion formula (3.33), which defines a linear operator of E. Let us write the operator
Ej,λ in (5.8) in the form
Ej,λ(ψ˜j , αj , ψ
out; ξ˜)
=Tj(λaj(ψ˜j , αj , ψ
out, ξ˜ ))[φ˜j ] + κj∇
⊥
y ψ˜j · ∇y(U0 + λη4φ
∗
j ) + λΘ˜j(ψ˜j , αj , ψ
out; ξ˜).
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where, as usual, ψ˜j = N (φ˜j), and Θ˜j is given by (6.41). We reformulate equations
(5.11) as
φ˜ = F inλ (φ˜, α, ψ
out, ξ˜), (7.2)
where
(F inλ )j(φ˜, α, ψ
out, ξ˜) := (7.3)
T −1j
(
λaj(ψ˜j , αj , ψ
out, ξ˜ )
) [
κj∇
⊥
y ψ˜j · ∇y(U0 + λη4φ
∗
j ) + λΘ˜j(ψ˜j , αj , ψ
out; ξ˜)−
3∑
l=0
cljZ1l
]
.
We reformulate the outer equations (5.13)-(5.14) in a similar way. For a given
function e(x, t) with ∆xe ∈ L
∞(Ω× [0, T ]) and e = 0 on ∂Ω× [0, T ] let us consider
the transport operator
T (e)[φ] := φt +∇
⊥
y (Ψ∗ + e) · ∇xφ,
and for a bounded function E(x, t), the linear equation
T (e)[φ] + E = 0 in Ω× [0, T ]
φ(·, 0) = 0 in Ω.
We call φ = T −1(e)[E] the unique solution of this problem, through the represen-
tation formula (3.44). We write (5.13)-(5.14) in the form
φout =Fout1λ (φ˜, α, ψ
out, ξ˜)
ψout =Fout2λ (φ˜, α, φ
out, ξ˜)
(7.4)
where
Fout1λ (φ˜, α, ψ
out, ξ˜) := T −1(λ
N∑
j=1
η2jψj + λψ
out)
[
λE˜out1 (φ˜, α, ψ
out; ξ˜)
]
with E˜out1 given by (5.10) and
Fout2λ (φ˜, α, φ
out, ξ˜) := (−∆)−1

λφout + λ N∑
j=1
κj(ψj∆xη2j + 2∇xη2j · ∇xψj) + λE
out
2∗ (ξ˜)


where ψ = (−∆)−1h is the unique solution of
−∆ψ = h in Ω, ψ = 0 in ∂Ω.
and Eout2∗ (ξ˜) is given by (3.54).
Equations (5.12) can be better described using expressions (6.39). Indeed we
have that for a as in (6.38) the bound ∇a = O(ε2+ν) holds. Then we find that the
equations cℓj = 0 read

˙˜
ξj = (Dξj∇
⊥
ξ K)(ξ0 + ξ1)[ξ˜] + λε
−1(G1)j(φ˜, α, ψ
out; ξ˜),
α˙j = λε
−2(G0)j(φ˜, α, ψ
out; ξ˜), j = 1, . . . , N,
ξ(0) = 0, α(0) = 0.
(7.5)
As usual we write
αj = (α0j , α3j), ξj = (ξj1, ξj2), α = (α1, . . . , αN ), ξ = (ξ1, . . . , ξN )
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and denote
(G0)j = (G0j ,G3j), (G1)j = (G1j ,G2j),
where
Gjℓ(φ˜, α, ψ
out, ξ˜)(t) := γℓ
∫
R2
[
E˜j(ψ˜j , αj , ψ
out, ξ˜) + εη4∇
⊥
x ψ
out · ∇U0
]
Zℓ dy.
Equations (7.5) can be written in fixed point form as
ξ˜(t) = F1λ(φ˜, α, ψ
out, ξ˜) =
∫ t
0
(
B(s)[ξ˜] + λG1(φ˜, α, ψ
out, ξ˜)
)
ds
α(t) = F0λ(φ˜, α, ψ
out, ξ˜) =
∫ t
0
λG0(φ˜, α, ψ
out, ξ˜, λ) ds
(7.6)
where (
B(t)[ξ˜]
)
j
= (Dξj∇
⊥
ξ K)(ξ0 + ξ1)[ξ˜],
G0 = ((G0)1, . . . , (G0)N ), G1 = ((G1)1, . . . , (G1)N ).
Summarizing, our problem is equivalent to system (7.2)-(7.4)-(7.6), which we
will next replace by an equivalent fixed point equation in O for which the right
hand side is a compact operator for the topology in X .
Let us consider the equations
φ˜ =F inλ (φ˜, α, ψ
out, ξ˜),
φout =F˜out1λ (φ˜, α, ψ
out, ξ˜)
ψout =F˜out2λ (φ˜, α, ψ
out, ξ˜)
ξ˜ =F˜1λ(φ˜, α, ψ
out, ξ˜)
α =F˜0λ(φ˜, α, ψ
out, ξ˜)
where
F˜out1λ (φ˜, α, ψ
out, ξ˜) := Fout1λ (F
in
λ (φ˜, α, ψ
out, ξ˜), α, ψout, ξ˜)
F˜out2λ (φ˜, α, ψ
out, ξ˜) := Fout2λ (F
in
λ (φ˜, α, ψ
out, ξ˜), α, F˜out1λ (φ˜, α, ψ
out, ξ˜), ξ˜)
F˜1λ(φ˜, α, ψ
out, ξ˜) := F1λ(F
in
λ (φ˜, α, ψ
out, ξ˜), α, F˜out2λ (φ˜, α, ψ
out, ξ˜), ξ˜)
F˜0λ(φ˜, α, ψ
out, ξ˜) := F0λ(F
in
λ (φ˜, α, ψ
out, ξ˜), α, F˜out2λ (φ˜, α, ψ
out, ξ˜), ξ˜).
With a slight abuse of notation, we see that System (7.2)-(7.4)-(7.6) in O¯ is equiv-
alent to the fixed point problem
~p = F˜λ(~p), ~p ∈ O¯ (7.7)
where {
F˜λ(~p) := (F
in
λ (~p), F˜0λ(~p), F˜1λ(~p), F˜
out
1λ (~p), F˜
out
2λ (~p)),
~p =(φ˜, α, ξ˜, φout, ψout).
(7.8)
Lemma 7.1. The operator F˜ : O × [0, 1] → X given by F˜(·, λ) = F˜λ in (7.8) is
compact.
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Proof. We check that each of the five operators defining F˜λ(~p) is compact in O
(uniformly in λ). We start with F inλ (~p) in (7.3). The key fact is that the operator
g = T −1j (a)[h] has the property in Lemma 4.3, which states that a uniform bound
in ∆ya and a control of the modulus of continuity in y of h(y, t) uniformly in t
yields a uniform control of the modulus of continuity of g in both variables (y, t).
We see in (7.3) that for a certain Cε > 0 we have
‖∆yaj‖L∞(R2×[0,T ]) ≤ Cε for all ~p ∈ O¯.
and it vanishes outside a compact set. Moreover, we have a uniform Ho¨lder control
in space variables on the corresponding arguments h for ~p ∈ O¯ as it follows from
the Ho¨lder estimates for the gradients of ψ˜j and ψ
out inherited from the uniform
bounds holding for ψ˜ and φout in the definition ofO (see the argument in the proof of
(6.25)). Also, the numbers clj(t) have a uniform bound, thanks to (6.39). Uniform
Lipschitz bounds hold for the remaining errors, as it follows in particular from
Remark 4.2 for the control of the terms involving ∇yφ∗j . Lemma 4.3 then implies
that F˜ inλ (O¯) is a set of continuous functions g : R
2× [0, T ]→ RN whose restrictions
to any compact set defines a uniformly bounded, equicontinuous set. Hence, any
sequence φn ∈ F˜ inλ (O) has a subsequence φn′ which is uniformly convergent on
each compact set. Finally, we observe that ‖φn‖4 ≤ Cε since the argument of the
transport operator has this property. This implies that φn′ is actually convergent
in the space of continuous functions with finite ‖ · ‖3+β-norm, since 0 < β < 1.
Hence F˜ inλ (O) is precompact in this space. The compactness of the operator F˜
out
1λ
into C(Ω¯ × [0, T ]) follows directly from Arzela-Ascoli’s theorem, again from the
corresponding control for the transport equation and the uniform controls on space
and time variables valid for the operator F˜ in1λ. From here the compactness for F˜
out
2λ
follows in similar manner. Finally, the compactness of the operators F˜0λ(~p), F˜1λ(~p)
into C1([0, T ]) follows again from the equicontinuity in t inherited for the different
terms involved in their definition. The proof is concluded. 
7.3. Conclusion of the proof of Theorem 1. The original problem has been
so far reduced to finding a solution of the fixed point problem (7.7) for λ = 1.
To do this, we will prove that for all λ ∈ [0, 1] equation (7.7) has no solution
~p ∈ ∂O, at least whenever ε is chosen sufficiently small. Let us assume that ~p ∈ O¯
satisfies (7.7) for some λ. We claim that actually ~p ∈ O. We use the considerations
in §6.5. Using bounds (7.1) and Lemma 6.1 we find that the function a(y, t) in
(6.38) satisfies ∇ya = O(ε3−4β) = O(ε1+ν) provided that β was chosen sufficiently
small. Then estimates (6.42), (6.43) apply for the coordinate φ˜ of ~p. Examining
the function (6.41) we quickly see that if β was chosen sufficiently small then
‖Θ˜j(ψ˜, α, ψ
out, ξ)‖3+β ≤ ε
5− 3
2
β
Estimates (6.42), (6.43) then yield, by definition of the inner norm,
‖φ˜‖i ≤ ε
3−2β ≪ ε3−3β ,
the latter number being that involved in the definition of O in (7.1). Let us consider
the outer equations. Examining expression (5.10) that determines the size of φout,
we see that its magnitude does not exceed the order O(ε4−β). Here we have used
the remote size of φ˜ implicit in the norm ‖φ˜j‖i. Indeed using the size induced in
ψ˜, we find that
‖φout‖o1 + ‖ψ
out‖o2 ≤ ε
4−2β ≪ ε4−3β.
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Finally from the size of Θj we readily see that
‖ξ˜j‖C1[0,T ] + ε‖αj‖C1[0,T ] ≤ ε
4−2β ≪ ε4−3β .
As a conclusion, we get that ~p ∈ O and the claim has been proven.
Standard degree theory applies then to yield that the degree deg(I−F˜(·, λ),O, 0)
is well-defined and it is constant in λ ∈ [0, 1]. Since F˜(·, 0) is a linear compact
operator, this constant is actually non-zero. Existence of a solution in O for λ = 1
then follows. The proof is concluded. 
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